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Understanding the mechanical behaviour of isotropic points (IPs)—regions
of hydrostatic stress with zero shear—is essential for interpreting photoelastic fringe
patterns and analysing load transfer in solid bodies. This study investigates IP for-
mation and evolution in circular disks subjected to four-point loading using a com-
bination of photoelastic experiments, digital image processing, and analytical mod-
elling. A generalised stress framework based on superposition is developed to predict
isochromatic fringe fields and IP locations for arbitrary combinations of normal and
tangential contact forces. Beyond case-specific solutions, the study establishes a uni-
fied physical interpretation of fringe patterns based on the concepts of zero-shear
loci, symmetry constraints, and stress-topology transitions. It is shown that sym-
metry governs the localisation of IPs along principal axes, while symmetry breaking
leads to their migration into the disk interior. Under normal loading, IPs form along
boundary-induced zero-shear regions and undergo coalescence and splitting, indicat-
ing transitions in stress topology. In contrast, tangential loading produces a persistent
central isotropic point corresponding to a null stress state, resulting in qualitatively
different fringe evolution. A novel inverse methodology is proposed to determine con-
tact force components from experimentally measured IP coordinates. The results
demonstrate that IP locations are invariant to the load magnitude but highly sen-
sitive to the load direction, making them reliable indicators of the load geometry.
The findings highlight isotropic points as fundamental descriptors of stress redistri-
bution and fringe topology. While the present study focuses on a circular disk under
four-point loading, the framework may be extended to more complex systems such as
granular assemblies and contact-driven structures, subject to further investigation.
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1. Introduction

A photoelastic experiment on a loaded 2-D specimen can reveal two
types of fringes: isochromatics and isoclinics. An isochromatic is a locus of con-
stant difference between in-plane principal stresses, while an isoclinic is a locus
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of constant principal direction within the plane. The zeroth order fringe (ZOF)
is one of the isochromatics, where the in-plane principal stresses are equal, which
does not change its position with a proportional change in magnitudes of loads
(without changing loading direction/s). An isotropic point (IP) is a special case
of ZOF forming locally around a point instead of spreading over a curve. An IP
is defined as the point through which isoclinics of all orders pass [6–8]. Isotropic
points (IPs) are the points of localised hydrostatic state of stress. When a trans-
parent birefringent material is viewed under a polariscope using a white light
source, isotropic points appear as dark spots within a colourful fringe pattern.
These points help engineers analyse stress distribution, identify areas of mini-
mal shear stress, and detect potential structural weaknesses. They often occur
at low shear stress regions and play a crucial role in interpreting photoelastic
fringe patterns. By studying isotropic points, engineers can improve material de-
sign, optimise structural integrity, and prevent failures in mechanical and civil
engineering applications. Information on the evolution of IP points in materials
helps to identify regions of redundant materials for their safe removal in ap-
plications such as compliant mechanisms [1]. Understandings of their evolution
under different loading conditions and geometrical arrangements are vital espe-
cially in the applications of design optimisations of materials and structures [2]
and material processes involving the fragmentation of granular materials [3–5].
Unlike previous studies that focus on symmetric loading or qualitative fringe
analysis, this work presents a closed-form analytical framework for asymmetric
loading and validates it experimentally.

In photoelasticity, the plane polariscope and circular polariscope arrange-
ments facilitate the visualisation of isoclinics and isochromatic fringe patterns [6].
Under the plane polariscope arrangement, isotropic points (IPs) refer to the
locations within a stressed birefringent material (sample) through which all
isoclinics pass. The circular polariscope arrangement, on the other hand, en-
ables the identification of stress concentration zones, typically manifested as
higher-order isochromatic fringe accumulation in high-load bearing areas, while
low-stress regions exhibit a spread of zeroth-order fringe (ZOF) patterns across
a broader area. In certain stress distributions, these low-stress zones are isolated
from high-stress zones, a phenomenon that can be revealed through the iden-
tification of IPs. The isochromatic fringe field is locally axisymmetric around
an IP. The formation of IPs in a solid domain depends on the geometry of the
material and the loading configuration. However, the locations of IPs in a loaded
body are independent of factors such as the magnitude of a reference load, the
photoelastic material’s fringe constant, and its thickness.

The concept of IPs was first introduced by Coker and Filon [7], who re-
ferred to them as neutral points in their pioneering work. However, we use the
term IP in this paper following the later uses. Frocht [8] and Timoshenko and
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Goodier [9] demonstrated various examples of IP formation, including beam-
related problems. Kuske and Robertson [10] developed a model of the generic
2-D Cartesian stress tensor around an IP for any configuration, using quadratic
polynomials to describe isoclinics and isochromatics.Hutchinson et al. [11] fur-
ther modeled the stress tensor around an IP to classify these points. Durelli

and Shukla [12] explored fringe topologies around IPs, focusing on free bound-
aries and corners. Ramesh [13] contributed to the advancement of digital pho-
toelasticity, particularly in automating fringe tracking and counting, including
IP identification [14]. Surendra and Simha [15] investigated fringe topologies
around IPs in 3-, 4-, and 6-point axisymmetric normal loadings on a circular
disk.

Photoelasticity is a whole-field method that enables the measurement of
stress states at points of interest and within frictional contacts between two
solids. Early work by Uemura et al. [16, 17] applied photoelasticity to deter-
mine friction coefficients at contact points by measuring traction components.
Fedorchenko et al. [18] quantified contact normal and shear stresses on die
walls in powder compaction using photoelasticity. Comninou [19] employed the
analytical Mellin transform and experimental isochromatic patterns to derive the
singularity points arising during rough slip of a wedge on a half-plane, which
causes friction. Shukla andNigam [20] introduced a photoelastic experimental-
numerical method to determine the Hertzian contact area, normal stresses, and
shear (frictional) stresses at contact points from full-field isochromatic data
on a three-point loading system of disks. Hariprasad and Ramesh [21] dis-
cussed a method to evaluate contact parameters by processing the isochromat-
ics obtained through reflection photoelasticity. Recently, Fernández [22] over-
came metrological challenges in photoelastic contact stress quantification and
demonstrated the use of generalised least squares with Lagrange multipliers [23].
Barbat and Rao [24] analyzed the contact between a photoelastic sapphire die
and the workpiece in a strip drawing operation through isochromatic and iso-
clinic patterns formed in the die.

Dally and Chen [25] used photoelastic isochromatics to identify friction
components at the asperities of a transparent sheet in sliding contact with
an adjacent structure, utilising local bending of patterns near the contacts for
identification. Burguete and Patterson [26] demonstrated the existence and
control of friction between a cylinder and half-space through stress freezing in
photoelasticity. Nam et al. [27] and Shin et al. [28] developed a photoelastic
hybrid method for contact stresses in O-rings under diametrical compression
and a three-point loading system. They observed a few IPs in the experimental
isochromatic patterns of large strain squeezed disks [27, 28]. Recently, Foust
et al. [29, 30] applied photoelasticity to measure traction at the boundary of
bolted joints and thermal stresses in disks under diametric compression.
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In recent times, the application of photoelasticity has gained attention in
understanding stress distribution within the grain scale in particulate processes.
This includes analysing the distribution of maximum shear stress and the direc-
tion of principal stresses in grains surrounded by contiguous grains (including
asymmetrically loaded grains) and powders under mechanical loading [31–33].
Understanding the shear stress state of grains is crucial for comprehending the
breakage properties of granular materials in processing environments [3–5].

Guan et al. [34] presented a theoretical approach to quantify the friction
repose angle in relation to the inclination of asperities in contacting bodies,
such as rigid or elastic granular assemblies. Force transmission chains [4] in such
assemblages can be readily identified using photoelastic experiments, where the
identification of contact load parameters between two disks is essential. Suren-
dra and Simha [35] evaluated the coefficient of friction using IP coordinates
in a circular disk under four-point loading symmetric about two perpendicular
diameters, as shown in Fig. 1(c). Due to the symmetry about two axes, the
four contacts are equivalent, and a single value for the static friction coefficient
suffices. If symmetry about one axis is disrupted, friction at two independent
contacts must be quantified. In the most general case of completely asymmetric
four-point loading, as shown in Fig. 1(b), all four contacts need to be analysed
independently, as considered in this paper.
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Fig. 1. (a) Schematic of loading setup of the disk specimen in the photoelastic experiment
with contact points labelled; (b) free-body diagram of disk specimen; (c) special case of

bi-symmetry [35].

Inspired by the fact that IPs can reveal information about far-field contact
loading [35], our objective is to determine the normal and tangential components
of the four-point contact load applied asymmetrically on circular disks. Rather
than solely focusing on friction quantification [34], we also seek to understand
the evolution of IP formation patterns in various scenarios and capture them
in the closed-form for selected cases. This is accomplished through an analysis
that starts with symmetric and/or pure normal/tangential load cases, followed
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by more general loading environments. The studies presented here are based on
a combination of photoelastic experiments and theoretical solutions.

The proposed inverse method for determining contact loads from isotropic
point (IP) locations is significant because IPs represent regions of hydrostatic
stress with zero shear, which remain invariant to load magnitude and material
properties, although they drift due to change in direction of at least one load.
This invariance makes IPs reliable markers for stress distribution under complex
loading. By linking IP coordinates to contact forces through equilibrium and
stress-optic laws, the method enables non-invasive load estimation and provides
insight into load transfer mechanisms. Although demonstrated on a circular disk
under four-point loading, the approach is broadly applicable in principle to other
geometries and loading configurations, although such extensions are not explic-
itly demonstrated in the present work. This provides a foundation for potential
applications in structural optimisation and reverse engineering. However, ex-
tension of the present framework to more complex systems such as granular
assemblies or bolted joints requires further investigation and validation.

2. Photoelastic experiments

The self-weight of the photoelastic specimen used in the experiment is neg-
ligible compared to the applied forces. Thus, specimen weight is ignored in the
modelling and analysis. All the problems in this study are analysed within
the framework of 2-D linear elasticity under isothermal conditions, assuming
homogeneous and isotropic material properties [9]. However, the solutions are
applicable to specimens of any thickness, including the limiting cases of plane
stress and plane strain, provided that the forces are uniformly distributed along
the thickness direction.

All contact forces aremodelled as concentrated loads, despite being distributed
over a small width within the plane of disk (they are distributed along thickness
direction in any case) in practical experiments. Otherwise, the typical stress dis-
tribution between a flat plate and a convex surface, as considered in this study,
follows theHertzian contact theory [36]. Since the analysis is based on the locations
of isotropic points (IPs), which form sufficiently far from the loading contacts,
the point load approximation is justified according to St. Venant’s principle.

A circular polariscope arrangement [6, 8] is used to capture experimental
isochromatic fringe patterns in the loaded disk specimen. This setup consists
of two quarter-wave plates positioned on either side of the loaded specimen,
along with a polarizer, analyser, and a light source, as illustrated in Fig. 2. The
light source can be either monochromatic or white light. A monochromatic light
source produces only dark and bright fringes (binary patterns) in a coarse sense,
although subtle variations in intensity can be observed. In contrast, a white
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Fig. 2. Circular polariscope used for the experiment, viewed normal to the axis
of polariscope from the right side.

light source, which consists of multiple wavelengths, generates a spectrum of
colours forming fringe patterns. To achieve a dark-field background, the po-
lariser and analyser axes are crossed (oriented perpendicular to each other within
their planes). Under this configuration, using a monochromatic light source,
dark fringes formed in a stressed specimen correspond to integer fringe orders
(0, 1, 2, . . .), which can be quantitatively analysed in experiments.

2.1. Fabrication

The required specimens were fabricated by cold casting a large sheet of 6 mm
thickness using Epoxy Resin, which was hardened with Triethylene Tetramine
in a 100 : 9 weight ratio. The mixture was allowed to cure completely over two
days, resulting in a transparent solid sheet. Circular specimens with a diameter
of 60 mm were then cut from the fully solidified sheet, as shown in Fig. 3.

Fig. 3. Typical epoxy resin specimen: circular disk of 6 cm diameter.
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2.2. Calibration for material fringe constant

Isochromatic fringes are defined as loci of constant values of difference of
in-plane principal stresses, i.e., they are contours of distribution of σ1−σ2 in the
loaded disk region. Here, σ1 and σ2 are the in-plane major and minor principal
stresses, respectively. The stress optic law leads to the following relation between
the state of stress, material and optical properties [6, 8]:

(2.1) σ1 − σ2 =
Nfσ
h

,

where h is the thickness of the specimen, which is 6 mm here; fσ is the material
fringe constant measured in N/m-fringe, which depends on the type of specimen
material and N is the fringe order at the point of interest. The isochromatic
fringes appear as non-intersecting patterns within the specimen. A fringe of any
order may manifest as a curve segment, a closed curve, or isolated points. The
latter case of isolated points is theoretical for higher order fringes, and practical
for ZOF. When forming as a curve (either open or closed), its width varies
along its span due to the gradient of the fringe field. In cases where the fringe
appears as a point-type feature, it spreads over a small circular region with
gradually diminishing intensity from the center. The size of this region depends
on the fringe gradient [8].

A Zeroth Order Fringe (ZOF) that forms as a point is referred to as an
Isotropic Point (IP), at which the fringe field is locally axisymmetric. All iso-
clinics pass through an IP. An isoclinic represents the locus of constant in-plane
principal stress direction and is superimposed on the isochromatic pattern when
a plane polariscope arrangement is used. A different isoclinic appears when the
relative orientation of the polarizer with respect to analyzer is altered. Since IPs
carry crucial mechanical information about the stress distribution and contact
mechanics, they are the primary focus of this work.

For the determination of fσ, the classical problem of a circular calibration
disk under diametral compression is selected, as its analytical stress distribu-
tion solution is well established by Hertz [6, 8]. In brief, the centre of the disk
is chosen as the calibration point, where the principal stress difference due to
diametral compression by point loads is related to fσ using stress-optic law
as [6, 8]:

(2.2) fσ =
4P

πRNcentre
=

4

πR

(

P

Ncentre

)

,

where P is the magnitude of applied load and R is disk radius. Since, fσ and R
are constants for a given specimen, the relation between applied load (P ) and the
central fringe order (Ncentre) is linear. If the fringe order at the centre of the disk
(Ncentre) is measured from the fringe field corresponding to a known external



114 K. V. N. Surendra, S. J. Antony

load level, the value of fσ can be determined. However, instead of relying on
a single measurement, multiple Ncentre values are recorded for different applied
loads, and fσ is obtained from the slope of a straight-line fit between Ncentre

and the applied load P . In the present study, the value of fσ for the samples
used is found to be 12058 N/m. Alternative methods exist for determining the
stress-optic coefficient, such as those used for float glass [37].

2.3. Asymmetric four-point loading experiment

A horizontal rigid bar with cylindrical pins welded on one side, as shown in
Fig. 4, is fixed to the frame of the polariscope. This bar is positioned at the
bottom of the disk to provide two-point loads through reaction forces. Another
similar loading bar is placed at the top, but unlike the bottom bar, it remains
unconstrained. To introduce asymmetry in the loading, the top bar is inclined.
A vertical force is applied to the top face of this bar through a fixed protrusion
of the loading arm, which is then transmitted to the disk via two contact points
between the pins and the disk periphery. Consequently, the top bar remains in
equilibrium due to the combined effect of the two reaction forces at the pins and
the applied top load.

Fig. 4. Loading fixture arrangement for four-point loading of the disk specimen in a circular
polariscope setup.

Figure 4 illustrates the bright-field isochromatic fringe pattern of a disk spec-
imen corresponding to a negligible (near-zero) load at the top. The bright-field
background is achieved by aligning the axes of polarization for the polarizer
and analyser parallel to each other. This setup is initially used to clearly dis-
tinguish the loading/support bars from the specimen in the photoelastic image.
For the main experiment, where the required isochromatic pattern is analysed,
the dark-field configuration of the circular polariscope is used [6, 8].
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The load is applied in gradual increments to the four-point constrained disk
using a lever-arm mechanism attached to the photoelastic bench, as shown in
Fig. 2. Dark-field isochromatic fringes are captured using both monochromatic
and white light sources under an external load of 790 N and are presented
in Fig. 5. As expected, the experimental isochromatic fringe pattern does not
exhibit any symmetry. Two isotropic points (IPs) are identified, each enclosed by
a locally ‘8’-shaped first-order fringe (N = 1), which also envelops the four load
points, as marked in Fig. 5(a). Higher-order fringes are concentrated only at the
four loaded points on the disk periphery. The independent coordinates of each
IP provide critical information for determining the normal and tangential load
components at the four contact points. This establishes a direct link between IP
formation and the mechanical load transfer characteristics in the asymmetrically
loaded disk.

(a) (b)

Fig. 5. Photoelastic experimental isochromatic patterns corresponding to the top load of
790 N under: (a) monochromatic light (N values or fringe orders marked), (b) white light.

2.4. Digital image analysis of the isochromatics

To identify the coordinates of isotropic points (IPs) and load points (Fig.
5(b)), photoelastic images captured under a white light were processed using
the digital image analysis. The zeroth-order fringe (ZOF), appearing as black
spots, was used to locate IPs. The disk diameter was calibrated to convert pixel
measurements into physical coordinates (Fig. 6), enabling accurate mapping of
IP and load point positions. These coordinates were subsequently used in the
analytical framework for determining contact loads (Section 5).

The disk diameter is measured to be 2078 px (pixels) horizontally and 2047 px
vertically. The slight difference between these measurements is attributed to the
small asymmetric deformation of the disk under compressive loading. To ensure
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Fig. 6. Coordinate lines marked on a typical digital image for referencing the IPs and load
points. Red lines pass through IPs; blue lines through load points.

accuracy in subsequent calculations, the higher value of 2078 px is adopted as
the reference diameter. This choice is based on the assumption that the applied
load only marginally reduces the disk’s vertical dimension, while the horizontal
measurement remains a more reliable representation of the original diameter.
Meter per pixel can now be obtained as (0.06 m)/(2078 px) = 28.87×10−6 m/px.
This conversion factor is used to map the digital coordinates of the required
points in the image to their corresponding physical coordinates.

The following convention is used here: positive x-axis points towards right
horizontally, positive y-axis pointing vertically upwards, origin at the disk centre
and the digital x and y coordinates of IP1 (forming in the upper half of disk) and
IP2 (forming in the lower half) are measured as (xIP1, yIP1) = (−192, 406.5) px
and (xIP2, yIP2) = (30,−389.5) px, respectively. The actual polar coordinates
can be obtained using meter per pixel and Cartesian to polar conversions, as:
(rIP1, θIP1) = (0.4327R, 115.3◦) and (rIP2, θIP2) = (0.376R,−85.6◦), where R is
the disk radius (= 0.03 m). Similarly, angular positions of load points on the pe-
riphery are measured as: θ1 = 61.2◦, θ2 = 133.8◦, θ3 = −127.4◦ and θ4 = −52.1◦,
all measured from +ve x-axis with counter-clockwise (CCW) direction as +ve.
Referring to Fig. 1, and using the above θi values measured, the following values
are obtained: βexp

1 = 61.2◦, βexp
2 = 46.2◦, βexp

3 = 52.6◦ and βexp
4 = 52.1◦. Note

the closeness of β3 and β4 as they should be equal theoretically due to the hor-
izontal placement of the bottom loading bar, which has symmetrical geometry.
These parameters serve as input for determining the load components at the
four contacts on the disk in Section 5.

With regard to the error propagation, the digital image analysis used for de-
termining the coordinates of isotropic points (IPs) and load angles involves mi-
nor uncertainties arising from pixel resolution, calibration, and semi-automated
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identification of feature locations. These uncertainties propagate through the
analytical framework by introducing perturbations in the spatial coordinates
of IPs. However, this propagation remains bounded for two key reasons. First,
IP locations correspond to zeroth-order fringe (ZOF) conditions, which are in-
herently less sensitive to intensity gradients compared to higher-order fringes,
leading to more stable localisation. Second, the inverse formulation developed
(Section 5) results in a system of linear equations in the unknown load compo-
nents, thereby mitigating amplification effects that are typically associated with
high-order polynomial sensitivity. Consequently, small errors in pixel-based mea-
surements translate into proportionally small variations in the recovered load
components. The close agreement between experimental and analytically recon-
structed fringe patterns (e.g., presented later in Fig. 18) supports the robustness
of the proposed methodology against such uncertainties.

3. Rigid body analysis

To determine the actual loads applied on the disk, we need to identify the pa-
rameters involved and the constraints imposed on individual parts of the load-
ing system. According to Fig. 1(b), there are 12 parameters: 4 normal loads
(P1, P2, P3, P4), 4 tangential loads (Q1, Q2, Q3, Q4) and 4 angular positions on
the disk boundary (β1, β2, β3, β4) for a given disk specimen. The four angular
positions are fixed in a given experiment, which are known in this case from the
digital image analysis described in Section 2.4.

The rigid body static analysis of the disk leads to certain constraints, which
form the set of equations for determining contact loads presented later in Sec-
tion 5. Referring to Fig. 1(b), the equilibrium of the disk in horizontal, vertical
(force components) and θ (in-plane moment) directions, leads to:

(3.1)

∑

Fx = 0 ⇒ −P1 cosβ1 + P2 cosβ2 + P3 cosβ3 − P4 cosβ4

−Q1 sinβ1 −Q2 sinβ2 +Q3 sinβ3 +Q4 sinβ4 = 0,
∑

Fy = 0 ⇒ −P1 sinβ1 − P2 sinβ2 + P3 sinβ3 + P4 sinβ4

+Q1 cosβ1 −Q2 cosβ2 −Q3 cosβ3 +Q4 cosβ4 = 0,
∑

MDiskCenter = 0 ⇒ R(Q1 +Q2 +Q3 +Q4) = 0.

In addition to the above presented three equations, the vertical load trans-
ferred through the loading points at the top is given by the following equation:

(3.2) − P1 sinβ1 − P2 sinβ2 +Q1 cosβ1 −Q2 cosβ2 = −P,

where P is the magnitude of vertical load transferred from the top-loading bar
of the lever-arm mechanism, and −ve sign pertains to its downward direction.
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4. Analytical prediction of the isotropic points

The state of stress in a circular disk under four-point oblique loading can be
derived using the method presented in Appendix A. The stress tensor solution
is given by:

[σ] =
4

∑

i=1

[σ]GenFl(P = Pi, γ = 0, α = ci + (−1)iβi)(4.1)

+

4
∑

i=1

[σ]GenFl(P = Qi, γ = −90◦, α = ci + (−1)iβi)

+

∑4
i=1 Pi

2πRh

[

1 0
0 1

]

,

in which 9 tensors are added including the last tensor for hydrostatic stress. The
first summation includes four tensors corresponding to 4 normal loads and the
second summation of four tensors corresponding to tangential loads. In Eq. (4.1),
ci = 90◦ for i = 1, 4 and ci = −90◦ for i = 2, 3.

The simulated photoelastic isochromatic fringe order (N) can be obtained
by substituting the in-plane stress components of Eq. (4.1) into the stress-optic
law Eq. (2.1), which can be re-written as follows:

(4.2) N(r, θ) =
h

fσ

√

[σrr(r, θ)− σθθ(r, θ)]2 + [2τrθ]2.

From Eq. (4.2), N is an even function of [σrr(r, θ) − σθθ(r, θ)] and τrθ(r, θ).
This implies that the isochromatic fringe field is invariant with loading reversal
leading to a change in the sign of all the stress components. At ZOF particularly
IPs, N = 0, which implies:

(4.3)
σrr(rIP, θIP) = σθθ(rIP, θIP),

τrθ(rIP, θIP) = 0,

which provide two independent equations (in general non-linear) in two unknown
coordinates of an IP.

While multiple loading configurations are analysed in the following subsec-
tions, the resulting isochromatic fringe patterns and isotropic point (IP) be-
haviour can be understood through a small set of governing physical mecha-
nisms. These include the role of symmetry in defining zero-shear loci, the influ-
ence of load type (normal versus tangential), and the evolution of IPs through
formation, coalescence, and migration. Each of the following cases is therefore
interpreted within this unified framework.
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4.1. Normal loading symmetric about an axis

To understand the patterns of IPs formation, initially, we consider the sce-
nario of symmetric normal loading with respect to the x-axis but asymmetric
about the y-axis, as shown in Fig. 7. First of Eqs. (3.1) for this special case leads
to:

(4.4) P1 cosβ1 = P2 cosβ2,

whereas the other two lead to identities owing to the symmetry of the problem.
Because of Eq. (4.4), only two parameters (β1 and β2) can be varied indepen-
dently as one of the loads is known from the applied reference load.

P
2

P
2

P
1

P
1

β
2

β
2 β

1

β
1

x 

y

Fig. 7. Circular disk under four-point normal loading symmetric about only the x-axis and
asymmetric about the y-axis.

This special case is solved for stresses using Eq. (4.1) considering that Qi = 0
for all i and P3 = P2, P4 = P1. The distributions of the two normal stress compo-
nents, obtained from the stress tensor solution, and the fringe order (Eq. (4.2))
exhibit symmetry about the x-axis. In contrast, the shear stress component
exhibits anti-symmetry about the x-axis, indicating that the x-axis serves as
a zero-shear axis. From a physical standpoint, symmetry about the x-axis en-
forces the shear stress component to vanish along this axis, making it a natural
zero-shear locus. Since isotropic points correspond to zero-shear states, they are
therefore constrained to lie initially on the symmetry axis. Isochromatic patterns
are simulated for this special case by varying β2 between and 90◦ for a given
value of β1. Ten videos are generated corresponding to β1 = 0◦, 10◦, . . . , 90◦ us-
ing MATLAB. Three videos corresponding to β1 = 10◦, 30◦ and 60◦ are provided
as supplementary material as Video 1, Video 2 and Video 3. A few snapshots of
the videos are shown in Fig. 8. The evolution of IPs observed in these patterns
reflects three fundamental mechanisms: (i) formation of IP pairs along the zero-
shear axis, (ii) coalescence of these IPs at a critical loading configuration, and
(iii) subsequent migration into the interior of the disk.
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In order to explain the procedure to arrive at the simulated isochromatic pat-
terns shown in Fig. 8 or supplementary Videos 1, 2 and 3: consider expression
of N(r, θ) (not given here as unwieldy) obtained by substituting stress compo-
nent expressions into Eq. (4.2), applicable for the symmetric normal loading,
derived using Eq. (4.1) or Appendix A. These expressions for stresses and N
form the required analytical solution for further plotting and are functions of
the domain coordinates (r, θ). Contour command of MATLAB can plot several
loci of (σ1 − σ2) = c or equivalently N = c, by assigning several values of con-
stant c. One contour plot generated using MATLAB program can lead to one
isochromatic pattern shown in, for example, Fig. 8(a). Many contour plot fig-
ures, generated consecutively using a ‘for’ loop in the corresponding MATLAB
program, are stored as individual frames of a video file. As the frames per sec-
ond (= 18 for the videos of this paper) rate is sufficiently high, we humans feel
a continuity of the frames without being able to identify the discrete nature
of the frames. The MATLAB program coded (filename: Cir4N xaxisSym.m) for
Videos 1–3 is provided as a supplementary material of this article. In the same
way, all the further figures and videos are obtained, presented in the later sub-
sections.

The three rows of Fig. 8 show the snapshots from the videos of β1 = 10◦,
30◦ and 60◦, respectively, as representative cases. The middle column patterns
in this figure illustrate the coalescence of IPs, thus single IP appears on the
symmetry axis. The first column patterns show the cases of IP pair forming on
the x-axis. In the last column patterns, the two IPs form inside the quadrants.
MATLAB software is used for generating all the patterns and videos. In all the
simulations including the ones shown in later sections, the geometric and other
constants input to the MATLAB coding are: R = 0.03 m, h = 0.006 m and
fσ = 12058 N/m. The reference load in this case is: P1 = 790 N.

The videos reveal that, in all cases of β1, a pair of IPs forms on the x-axis
for a range of β2 to coalesce into one IP at a particular β2 and immediately
split into two traversing into quadrants of the disk for the rest of the range
of β2. In all cases, the left IP starts when β2 = 0◦ from the leftmost point of the
boundary (x, y) = (−R, 0), and moves towards the other IP before coalescence.
The coalescence of two IPs into a single point represents a transition in the
topology of the stress field, where two distinct zero-shear regions merge into
one. Beyond this point, symmetry no longer fully constrains the stress field,
leading to migration of the IPs into the disk interior. After coalescence, they
split into two IPs moving into the quadrants as mirror images about the x-axis,
and finally merging into the loading points at the right when β2 = 90◦. For
a given β1, value of β2 for which IPs coalesce versus x-coordinate of the merged
IP is plotted later as coalescence curve in Fig. 9 and the corresponding equation
is provided below in Section 4.1.1.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 8. Simulated isochromatic patterns in circular disk under four-point normal loading
symmetric about x-axis for various combinations of β1 and β2. Fringe orders (N values)

are marked. (a), (b), (c): Video1 Cir4NxaxisBe1 10a.mpg;
(d), (e), (f): Video2 Cir4NxaxisBe1 30a.mpg;
(g), (h), (i): Video3 Cir4NxaxisBe1 60a.mpg.
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4.1.1. Tracing of IPs. The exact coordinates of the Isotropic Points (IPs) when
they form on the symmetry axis can be determined by solving the first of
Eqs. (4.3), specialised along the x-axis. This equation simplifies since, on the
symmetry axis, the shear stress component is identically zero

(4.5) σrr(rIP, 0
◦) = σθθ(rIP, 0

◦),

where rIP can be replaced by xIP as θ = 0◦ on this axis, and the normal stress
components are part of the stress tensor solution for this special case of loading.
After performing the necessary substitutions and simplifications, the follow-
ing quartic equation is obtained, characterising the coordinates of the Isotropic
Points (IPs):

(4.6) A

(

xIP
R

)4

+B

(

xIP
R

)3

+ 2G

(

xIP
R

)2

+B

(

xIP
R

)

+A = 0,

where

(4.7)

A = 1− 2 cosβ1 cosβ2,

B = 4 cosβ2 − cosβ1(5− 2 cosβ1 cosβ2 + cos 2β2),

G = (3 + cos 2β1 − 4 cosβ1 cosβ2 + cos 2β2).

Note that the polynomial in Eq. (4.6) is symmetric implying that if x is a root
then 1/x is also a root. The quartic equation is solved using MATHEMATICA
software to give the following four roots in terms of normalized x-coordinates
of IPs:

(4.8)
xIP
R

=
1

4A

[

F +D ±
√

2F (F +D)− 8A(A+G)
]

,

where

(4.9)

F = cosβ1(5 + cos 2β2 − 2 cos2 β1 cosβ2 − 4 cosβ2),

C = 6 cosβ1 cosβ2 + cosβ1 cos 3β2 + cos 3β1 cosβ2

+ 6 cos 2β1 + 6 cos 2β2 − 2 cos 2β1 cos 2β2 − 2,

D = ±
√

cosβ1 cosβ2C.

The ± sign in front of the square root in Eq. (4.8), along with the corresponding
sign in the expression for D in Eq. (4.9), results in four possible solutions for xIP.
These solutions can be categorised as follows:

1) Two physically relevant solutions – These correspond to the actual coordi-
nates of the Isotropic Points (IPs) forming within the disk region.
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2) Two hypothetical solutions – These are the reciprocals of the first two roots
and correspond to hypothetical IPs that would exist outside the physical
boundary of the disk.

Since the experimental and analytical results confirm that IPs always form
within the disk, only the first two roots are physically meaningful. Thus, the
transition from real roots to complex conjugate roots corresponds physically
to the migration of isotropic points from the symmetry axis into the two-
dimensional interior of the disk. This provides a direct correspondence between
the algebraic structure of the solution and observable fringe behaviour.

During the simplification of Eq. (4.5), after making the required substitutions
by dividing by (r2IP − R2) the quartic equation is arrived at as presented in
Eq. (4.6). This step reveals two more roots: rIP = ±R. These latter roots reflect
the fact that the zeroth-order fringe (ZOF) forms continuously along the disk
boundary for any combination of β1 and β2. This phenomenon arises because
the special loading case under consideration falls within the category of pure
normal loading, where ZOF always appears along the boundary.

When the roots in Eq. (4.8) are evaluated for a given β1 value by systemati-
cally varying β2 from zero onward, they initially yield four distinct real roots up
to a critical β2 value, beyond which the roots become complex. After analysing
this trend for multiple β1 values, the following conclusions are drawn:

1) Real Roots and IP Formation on the x-axis

a) For a given β1, as long as the roots remain real, two of them satisfy the
condition −1 < xIP/R < 1, representing the actual Isotropic Points (IPs)
forming on the x-axis.

b) The other two real roots correspond to hypothetical IPs located outside
the physical disk region.

2) Critical β2c and Coalescence of IPs

a) At a particular β2 value, denoted β2c, the two real IP roots converge to
a single value, indicating the coalescence of the two IPs on the x-axis.

b) This critical β2c depends on the given β1 value.

3) Complex Roots and IP Migration into Quadrants

a) Beyond β2c, the roots transition into complex conjugate pairs:

i) One pair has an absolute value less than one, representing IPs inside
the disk.

ii) The other pair has an absolute value greater than one, corresponding
to hypothetical IPs outside the disk.
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b) The real and imaginary parts of the first complex root pair correspond
to the x- and y-coordinates of the two IPs, which now migrate into the
quadrants, forming mirror images about the x-axis.

4) Verification with Isochromatic Simulations

a) The above findings were rigorously verified for multiple combinations of
β1 and β2, using visual analysis of simulated isochromatic patterns and
video animations.

b) These simulations confirmed that the roots of Eq. (4.8) fully describe
the coordinates of IPs for any given β1 and β2 in the four-point normal
loading case symmetric about the x-axis.

A given root out of four in Eq. (4.8) does not play a unique role such as the
left IP coordinate or upper IP coordinates for the complete range of parameters.
Equivalently, the four expressions in Eq. (4.8) interchange their roles at different
combinations of parameter values. The combinations of β1 and β2 at which IPs
coalesce are governed by C = 0 which makes D = 0 which in turn reduces
the number of distinct roots to two: one of them is the common normalized
x-coordinate of required merged IPs and the other one (reciprocal of first one)
is that of merged hypothetical IPs. The four roots are plotted against β2 within
the range of xIP/R: −1 to +1 excluding hypothetical IPs range, to capture the
locations of the two IPs when they form on the x-axis, as shown in Fig. 9.
For a given β1 value, we can find two curves (top and bottom) meeting when
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Fig. 9. Normalized radial (or x-) coordinates of pair of isotropic points in circular disk under
four-point normal loading symmetric about the x-axis and asymmetric about the y-axis, as β2

varies for the given β1 values; when the pair forms on the symmetry axis before coalescence.
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β2 = β2c. The roots are plotted for discrete values of β1 = 0◦, 10◦, . . . , 90◦,
representing the motion of two IPs until they coalesce.

Note the smooth convergence of the two curves in each pair shown in Fig. 9,
where the meeting points represent the coalescence of IP pairs. In the extreme
case of β1 = 0◦, the setup reduces to a three-point loading case, where the right
IP always merges into the boundary ZOF. As a result, only the left IP traverses
to the right throughout the corresponding video. This explains why the top
pink curve, representing the right IP, remains a horizontal line at rIP = R for
the entire range of β2. On the other hand, the extreme case of β1 = 90◦ cor-
responds to a two-point loading case or diametral compression, where P2 = 0
or no horizontal component of P1 exists to maintain equilibrium. In this sce-
nario, both IPs merge into the boundary ZOF for all β2 values, meaning no
IPs appear throughout the corresponding video. Consequently, β2 has no effect
in this extreme case, and no curves appear in Fig. 9 for β1 = 90◦ for the rea-
sons outlined above. For β2 > β2c, the roots become complex conjugates, whose
real and imaginary components correspond to the (x, y) coordinates of the IPs,
as established in our previous findings. Leveraging this information, the paths of
symmetric IP pairs for different β1 values are plotted within the disk domain,
as shown in Fig. 10. In this figure, the IP trajectories for β1 = 0◦, 10◦, . . . , 90◦

are superimposed, illustrating the behaviour of IPs after their coalescence and
subsequent movement away from the x-axis.
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Fig. 10. Paths of pairs of isotropic points in the circular disk under four-point normal
loading symmetric about the x-axis and asymmetric about the y-axis, as β2 varies for the

given β1 values; after splitting.
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In Fig. 10, the same colour and line type are used for both IPs in a symmetric
pair corresponding to a given β1. From the figure, the split IPs follow a curved
trajectory, starting from their coalescence point on the x-axis and moving to-
wards the loading points (where P1 acts) on the right. The paths for different β1
remain parallel, but their spacing is non-uniform, despite β1 varying uniformly.
For the extreme case of β1 = 0◦ (three-point loading), no curves appear, as
the left IP moves along the x-axis, while the right IP remains embedded in the
boundary ZOF for the entire β2 range. In contrast, the semi-circular path shown
for β1 = 90◦ (another extreme case, corresponding to diametric compression) is
hypothetical, as no IPs appear throughout this case.

4.1.2. Normal loading symmetric about both the axes. When β1 = β2 = β in
Fig. 7, the four-point normal loading becomes symmetrical about both x- and
y-axes leaving only one parameter to vary. This special case was analysed in
Surendra and Simha [35], in which the IP pair traverses on the x-axis when
0◦ ≤ β ≤ 45◦ and on the y-axis when 45◦ ≤ β ≤ 90◦. The characteristic equa-
tion for IP coordinates given by Eq. (4.6) reduces to the following bi-quadratic
equation, in this case:

(4.10) − cos 2β

(

xIP
R

)4

+ 2

(

xIP
R

)2

− cos 2β = 0,

for which the four roots are given by:

(4.11)
xIP
R

= ±
√

cosβ − sinβ

cosβ + sinβ
, ±

√

cosβ + sinβ

cosβ − sinβ
,

in which the first two roots are coordinates of IPs inside the disk and the last
two (reciprocals of the first two) are those of hypothetical IPs. The roots give
real values for 0◦ ≤ β ≤ 45◦ and purely imaginary values for 45◦ ≤ β ≤ 90◦.

In this case, symmetry about both axes further constrains the stress field
such that zero-shear conditions exist along both principal directions. As a re-
sult, isotropic points remain confined to the symmetry axes, demonstrating the
dominant role of symmetry in localising stress features.

4.1.3. Three-point symmetric loading and diametric compression. The case of
three-point normal loading symmetric about the x-axis, briefly discussed as an
extreme case in Section 4.1.1, was also analysed by Surendra and Simha [35].
This special case can be derived from Fig. 7 by setting β1 = 0, for which coeffi-
cients (Eq. (4.7)) of characteristic equation for IP coordinate are given by:

(4.12) A = 1− 2 cosβ, B = −5 + 6 cosβ − cos 2β, G = 4(1− cosβ) + cos 2β
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and the two of the roots can be obtained as:

(4.13)
xIP
R

=
3− 2 cosβ + cos 2β ± sinβ

√

2(−1 + 4 cosβ − cos 2β)

2(1− 2 cosβ)
,

while the remaining two roots are 1 and 1. Here the only parameter β2 is replaced
by β in the expressions. The first root with ‘−’ sign in place of ± in Eq. (4.13)
is real for the whole range of β ∈ [0◦, 90◦] and it is x-coordinate of the only IP
traversing in the disk. The second root with the ‘+’ sign there (reciprocal of the
first one) is the coordinate of a hypothetical IP.

For the other extreme case of β1 = 90◦ giving a diametral compression,
coefficients of the characteristic equation are: A = 1, B = 4 cosβ, G = 2+cos 2β
and the two of the roots being: xIP/R = − cosβ ± i sinβ, while the other two
are equal to the first two. All the roots denote the points on the left half of the
circular boundary.

These limiting cases highlight how increasing or reducing symmetry simpli-
fies the stress topology. In particular, diametric compression eliminates interior
isotropic points, indicating that the stress field no longer admits isolated zero-
shear states within the disk.

4.2. Tangential loading symmetric about an axis

The case of four-point pure tangential loading symmetric about x-axis shown
in Fig. 11 is analysed here. Again, β1 and β2 are independent parameters varied in
this case. Equilibrium of the disk in x-direction leads to: Q1 sinβ1 = Q2 sinβ2,
whereas disk equilibria in y- and θ-directions (moment) are automatically sat-
isfied owing to symmetry.

Similar to the normal loading case in Section 4.1, this problem is solved for
the state of stress in the disk as described in Appendix A (Eq. (A.2)) by noting
that Pi = 0 for all i and Q1 = −Q4, Q3 = −Q2. For a given β1, isochromatic pat-
terns are obtained for various values of β2 ∈ [0◦, (180◦−β1)], to generate a video.
Three videos corresponding to β1 = 30◦, 45◦, 60◦ are made available as supple-
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Fig. 11. Circular disk under four-point tangential loading symmetric about the x-axis and
asymmetric about the y-axis.
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mentary material, and a typical plot is presented in Fig. 12. The magnitude
of reference load used for generating patterns using MATLAB is: Q1 = 790 N.
Extreme case of β1 = 0◦ implies a null state of stress (zero loading) as Q2 = 0
and symmetric pair of Q1 gets self-cancelled. Similarly, β2 = 0◦ also represents
a zero loading.

From all the videos, an IP is observed at the disk centre consistently for all
values of input parameters, which is a contrasting feature of tangential load-
ing. This feature observed in simulations can be verified by substituting origin
coordinates r = 0 into the stress tensor solution. The resulting stress tensor
evaluated at origin is:

(4.14) [σ]4T(r = 0) =

[

0 0
0 0

]

,

which is a null state of stress independent of any parameters involved. When
localised, this is a hydrostatic state that gives rise to IP which is termed as
a singular point as a special case of IP. Singular points can be found at un-
loaded protruding corners, at certain boundary points of the circular ring under
diametric compression in which they do not play a role in the force transmission
within the solid. The central isotropic point corresponding to null stress state
represents physically a singular hydrostatic point and distinguishes tangential
loading fundamentally from normal loading.

In a typical video for the case of constant β1, the evolution and motion of IPs
can be divided into three regimes. In the first regime starting at β2 = 0◦, an IP
evolves from the left end traverses on the x-axis towards the central immovable
IP. When β2 ≈ (90◦ − β1), the second regime begins in which the IP on the
x-axis elongates to become a curve of ZOF. In the third regime, the ZOF curve
precipitates to 3 IPs: one retained on the x-axis, the other two form in disk
quadrants symmetric about the x-axis. The latter two IPs traverses in symmet-
ric curved paths to reach the right-side load points when β2 = (180◦ − β1) (end
of the third regime) while the IP retained on the x-axis continues to traverse
within the disk up to some distance. The IP traversing on the x-axis (before or
after splitting) has to pass through the central IP in one of these regimes, at
which it appears to be merging with central IP and re-evolving from there. If
this happens well within the first regime (i.e., when β1 ≪ 45◦) or in the third
regime (i.e., when β1 ≫ 45◦), we can clearly see the merging on the left side
and re-evolving from the right side. When β1 is around 45◦, we see the blending
of different IPs with the central IP. Unlike the normal loading case, where IP
coalescence occurs rather abruptly, the evolution here proceeds through an in-
termediate ZOF region. This indicates a smoother redistribution of zero-shear
regions, where they expand and contract continuously rather than merging as
discrete entities.



Mechanics of isotropic points under frictional contacts. . . 129

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 12. Simulated isochromatic patterns in circular disk under four-point tangential loading
symmetric about x-axis for various combinations of β1 and β2. Fringe order (N) values are

marked in each pattern. (a), (b), (c): Video4 Cir4TxAxis Be1is30.mpg;
(d), (e), (f): Video5 Cir4TxAxis Be1is45.mpg;
(g), (h), (i): Video6 Cir4TxAxis Be1is30.mpg.
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In Fig. 12, the first column shows the isochromatic fringe contours from the
first regime corresponding to β1 = 30◦, 45◦, 60◦ cases, and the second column
shows nearly the beginning of the second regime, and the third column has the
contours of the third regime patterns. Unlike the normal loading case, IPs coales-
cence is not found in this case whereas splitting of an IP on a symmetry axis into
two IPs in the quadrants can be observed for both types of loading. However,
splitting occurs in the case of tangential loading rather gradually through ZOF
formation as an intermediary. The splitting of IPs via the intermediate ZOF can
therefore be interpreted as a gradual localisation of regions of near-zero shear
stress.

4.2.1. Note on the characteristic equation. The characteristic equation for the
pure tangential loading symmetric about only x-axis can be derived in a similar
manner to the normal loading as:

(4.15)

(

xIP
R

)[(

xIP
R

)5

−K

(

xIP
R

)4

− 2

(

xIP
R

)3

+ 4K

(

xIP
R

)2

+ (4 cosβ1 cosβ2 − 3)

(

xIP
R

)

+K

]

= 0,

where K = (cosβ1− cosβ2), which is valid for IPs forming on the x-axis. Equa-
tion (4.15) captures the distinct feature of the permanent central IP. Reducing
Eq. (4.15) by keeping away the root xIP = 0, it gives a quintic (5th degree
polynomial) equation for which general solution for arbitrary coefficients is not
available using current mathematical techniques [38]. However, for this, a nu-
merical solution could be obtained in the future.

4.2.2. IPs in bi-symmetric tangential loading. As a special case of tangential
loading, we consider the four-point loading symmetric about x- and y-axes, as
shown in Fig. 13. In this special case, β1 = β2 = β is the only parameter and the
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Fig. 13. Circular disk under four-point tangential loading symmetric about both x- and
y-axes.
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load magnitudes Q1 = Q2 = Q while their directions are such that they keep
the disk in equilibrium.

Isochromatic patterns are obtained by varying β ∈ [0◦, 90◦] and animated
into Video7 and a snapshot shown in Fig. 14. From the simulations, apart from
central IP, a pair of IPs form on the axes of symmetry. The symmetric pair of
IPs traverses on the x-axis when β ∈ [0◦, 30◦) and on y-axis when β ∈ (60◦, 90◦].
When β ∈ [30◦, 60◦], the pair is embedded into the central IP. These are also
verified by plotting the individual stress components along x- and y-axes for
different β values to confirm whether τrθ = 0 on the entire axis, and to manually
find IPs where σrr = σθθ. The plots are not shown here for brevity.

(a) (b) (c)

Fig. 14. Simulated isochromatic patterns in circular disk under four-point bi-symmetric
tangential loading for different β. Fringe order (N) values are marked in each pattern.

Video7 Cir4TxAxis Be1isBe2.mpg.

The characteristic equation for the IP coordinates on the x-axis for this
bi-symmetric loading case can be derived as:

(4.16)

(

xIP
R

)2[(xIP
R

)4

− 2

(

xIP
R

)2

+ 2 cos 2β − 1

]

= 0,

for which, the six roots are: xIP = 0, 0, xIP/R = ±
√
1− 2 sinβ and xIP/R =

±
√
1 + 2 sinβ. The third and fourth roots are the normalized x-coordinates of

IP pair when they form on the x-axis thus valid only when β ∈ [0◦, 30◦]. The last
roots are about hypothetical IPs. The characteristic equation for IP coordinates
on the y-axis can be derived in a similar manner as:

(4.17)

(

yIP
R

)2[(yIP
R

)4

− 2

(

yIP
R

)2

− 2 cos 2β − 1

]

= 0,



132 K. V. N. Surendra, S. J. Antony

for which the six roots are: yIP = 0, 0, yIP/R = ±
√
1− 2 cosβ and yIP/R =

±
√
1 + 2 cosβ. Again, the middle two roots are the normalized y-coordinates of

IP pair valid when β ∈ [60◦, 90◦].
The coexistence of a central IP with axis-aligned IP pairs reflects the com-

bined influence of symmetry constraints and the intrinsic null-stress condition
induced by tangential loading.

4.3. Symmetric oblique loading

Oblique loading can be interpreted as a superposition of normal and tangen-
tial loading effects, and therefore exhibits a hybrid behaviour combining axis-
constrained IP evolution with centralisation tendencies associated with tangen-
tial loading.

Four-point oblique loading on the disk symmetric about only x-axis involves
three parameters: load angles β1, β2 and load ratio P/Q, whereas its special case
of bi-symmetric loading shown in Fig. 15 involves two parameters: β1 = β2 = β
and P/Q. The latter loading is considered here for a better understanding of
the behaviour of IPs under oblique loading.
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Fig. 15. Circular disk under four-point oblique loading symmetric about x- and y-axes.

A video is generated from the isochromatic patterns of this loading case by
varying β ∈ [0◦, 90◦] for P = Q case, as well as a snapshot as shown in Fig. 16.
Similarly, the videos for various other ratios of P/Q = 0.1, 0.2, . . . , 0.9 were also
studied, although not presented here. From all those videos, we observed that IPs
always form on the symmetry axes for any combination of β and P/Q values. As
β increases from zero, two IPs emanate from the ends of the horizontal diameter
and traverse on it towards the origin, while the ZOF from the top and bottom
portions of the boundary gradually precipitates to two IPs while traversing on
the y-axis towards the origin. The two IPs so formed on the y-axis expand back
to ZOF and precipitate to IPs again in a short range of β while continuing their
motion towards the origin. The two IPs on the x-axis coalesce at the origin
when β = 45◦ for any value of P/Q, which is surprising. After the coalescence,
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they split into two IPs traversing on the y-axis away from each other, and merge
with the IPs coming towards origin after two cycles of transformation between
ZOF and IPs. All of them disappear immediately after merging. Thus, in a broad
sense, there are four IPs in the first regime and no IPs thereafter.

(a) (b) (c)

Fig. 16. Simulated isochromatic patterns in circular disk under four-point bi-symmetric
oblique loading for different β given P = Q. Fringe order (N) values are marked in each

pattern. Video8 Cir4N4TbiSym PisQ.mpg.

As P increases relative to Q, the transformation cycles between ZOF and
IPs would be slower and confined to smaller regions close to the top and bottom
boundary regions. The characteristic equation for IPs forming on the x-axis
in disk under 4-point bi-symmetric oblique loading (symmetric about x- and
y-axes) can be written as the following bi-cubic equation:

(4.18)

(

P

Q
cos 2β − sin 2β

)(

xIP
R

)6

+

(

−2
P

Q
− P

Q
cos 2β + sin 2β

)(

xIP
R

)4

+

(

2
P

Q
+

P

Q
cos 2β + sin 2β − sin 4β

)(

xIP
R

)2

− P

Q
cos 2β = 0,

for which the three pairs of roots come out to be unwieldy, thus not given here.

4.4. Asymmetric normal loading

If we change the magnitude of a pair of opposite forces in the circular disk
under four-point bi-symmetric normal loading, then the symmetry about both
the axes gets eliminated, as shown in Fig. 17(a). However, it exhibits 180◦ rota-
tional symmetry. It can also be perceived as two diametral compressions on the
disk rotated from each other by 2β.
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Fig. 17. (a) Circular disk under four-point normal loading with 180◦ rotational symmetry;
(b) isochromatics pattern for typical case. Video9 Cir2dia 180degSym Be30.mpg.

In the absence of symmetry, zero-shear loci are no longer aligned with prin-
cipal directions, resulting in isotropic points tracing curved trajectories within
the disk. These paths reflect the redistribution of stress between competing load
components and can be interpreted as indicative of load transfer pathways.

Isochromatic patterns are generated for the sequences of P2/P1 = 0, 0.01,
0.02, . . . , 0.99, 1 and P2/P1 = 1/0.99, 1/0.98, . . . , 1/0.01 for β = 30◦ and ani-
mated into a video as well as the snapshot as shown in Fig. 17(b). Two IPs
are found throughout the range of P2/P1 forming diametrically opposite to each
other with 180◦ symmetry of the problem. When P2/P1 = 0, the IP pair em-
anates from the boundary at P2 load points, traverses in a symmetric pair of
curved paths inside the disk region in an opposite sense to reach the P1 load
points on the boundary when P2/P1 → ∞ or P1 = 0. The pair forms on the
x-axis when P2 = P1 which is a bi-symmetric case. A similar trend is observed
with few other values of β < 45◦. The curved paths resemble hyperbola whose
principal axes are x- and y-axes. For β = 45◦ case which is another bi-symmetric
loading, the IP pair traverses on the two perpendicular diameters connecting
the load points on the boundary, i.e., they traverse on ‘X’ shaped straight paths
coalescing and diverting at the origin. β > 45◦ cases are 90◦ rotated versions of
β < 45◦ cases, thus β = 45◦ is like a mirror image between the two sub-ranges.
Since we could not identify an axis of symmetry for this loading condition, we
did not derive a single characteristic equation. There are two non-linear equa-
tions in two unknown coordinates of IPs, and hence a closed-form solution is
seldom possible. Thus, this can be approached using a numerical method to get
the precise coordinates of IPs in such cases in the future.
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4.5. Unified physical interpretation of fringe patterns

The diverse fringe patterns observed across all loading configurations can be
interpreted within a unified physical framework governed by fundamental prin-
ciples. First, isotropic points correspond to zero-shear locations and therefore
lie on zero-shear loci of the stress field. Second, symmetry plays a dominant
role in constraining these loci to specific directions, leading to axis-confined IPs.
Third, the coalescence of IPs represents a transition in stress topology associ-
ated with the merging of zero-shear regions. Fourth, tangential loading intro-
duces a persistent central null-stress point, fundamentally altering the structure
of the stress field. Finally, while the magnitude of loading does not influence IP
positions, their locations are highly sensitive to loading directions, making them
robust indicators of loading configuration. All the loading cases presented in
this section can therefore be interpreted as manifestations of these underlying
principles. This framework enables the interpretation of complex fringe patterns
without recourse to case-specific analysis, thereby providing a generalised un-
derstanding of IP behaviour in photoelastic systems.

5. Determination of experimental loads

The physical interpretation developed in Section 4 provides the basis for
solving the inverse problem. Since isotropic points correspond to zero-shear loci
that depend on load orientation, their coordinates encode information about the
underlying contact forces.

To quantify the four oblique loads (each resolved into normal and tangential
components) asymmetrically acting on a circular disk in the experiment shown in
Fig. 5, wemake use of the framework developed in Section 4. Here, the coordinates
of the two IPs are known from the digital image analysis of the experimental
isochromatics, provided in Section 2.4. We have to find the oblique loads acting
at the four points on the boundary causing the IPs to form there. This is an
inverse problem while those considered in Section 4 are forward problems.

If we substitute polar coordinates of one IP along with experimental load
angles (βexp

i values quantified in Section 2.4) into Eq. (4.3), we get two inde-
pendent linear equations in terms of unknown load components P exp

i and Qexp
i

for i = 1, 2, 3, 4. Using the other IP coordinates in the same Eqs. (4.3), we can
get two more equations in terms of the same unknowns. These four equations
together with three equations are provided by Eqs. (3.1) and the applied load
transfer given by Eq. (3.2), can be solved for the 8 unknown load components.

By substituting experimental βi values into Eqs. (3.1) and (3.2) and truncating
the coefficients after 6th decimal or 6 significant digits, we get the following four
linear equations for Qexp

i in terms of P exp
i all of which are unknown at this stage,
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(5.1)















Q1

Q2

Q3

Q4















exp

=









0.527 0.834 0.224 −0.224
−0.899 −0.462 0.156 −0.156
0.187 −0.187 0.459 0.837
0.185 −0.185 0.840 −0.457























P1

P2

P3

P4















exp

+















−636.023
698.69

−678.171
615.504















.

Substitution of (rIP1, θIP1) into Eqs. (4.3) and that of (rIP2, θIP2) into the same
Eqs. (4.3) can be represented as:

(5.2)

σ4N4T
rr (rIP1, θIP1) = σ4N4T

θθ (rIP1, θIP1),

τ4N4T
rθ (rIP1, θIP1) = 0,

σ4N4T
rr (rIP2, θIP2) = σ4N4T

θθ (rIP2, θIP2),

τ4N4T
rθ (rIP2, θIP2) = 0,

where the polar coordinate stress components with the superscript ‘4N4T’ are
the components of the resulting stress tensor in Eq. (4.1) after superposing the
nine states of stress on its RHS. Further, by substituting experimental βi values,
IP coordinates and R = 0.03 m, h = 0.006 m, P = 790 N into Eq. (5.2) and
using Eq. (5.1), we get the following four equations in terms of P exp

i only, after
keeping 6 significant digits,

(5.3)









3942.07 −1395.75 598.608 −2760.23
2760.23 −2449.29 1329.07 −889.81

−1256.18 −1165.43 2935.08 1649
1340.92 −1405.37 2935.08 −2031.13























P exp
1

P exp
2

P exp
3

P exp
4















=















760334
−476541

1.066× 106

54056.2















upon solving which, we find the experimentally prevailing radial load compo-
nents on the circular disk as:

(5.4)
P exp
1 = 568.517 N, P exp

2 = 352.682 N,

P exp
3 = 486.073 N, P exp

4 = 463.553 N.

Using these normal load values in Eq. (5.1), we evaluate the experimentally
prevailing tangential load components on the circular disk as:

(5.5)
Qexp

1 = −37.086 N, Qexp
2 = 28.009 N,

Qexp
3 = −26.601 N, Qexp

4 = 35.679 N.

Positive values for all the normal loads indicate that they are all compressive,
as per the convention adopted in the formulation. Referring to Fig. 5, P exp

1 =
568.517 N is the largest normal load which is acting at the topmost point of the
disk among other normal loads. P exp

2 = 352.682 N is the least among all normal
loads, which is acting at the top left side of the disk. The last two observations
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indicate that P exp
1 has significantly more role in transferring the applied vertical

load down to the supports. There is only a minor difference between the values of
P exp
3 and P exp

4 values, indicating almost an equal contribution from the bottom
supports. The observations of higher fringe concentration at βexp

1 boundary point
in Fig. 5 than at βexp

2 point and almost equal fringe concentrations at βexp
3 and

βexp
4 points support our conclusions.
A positive value for a tangential load indicates that it causes CCW mo-

ment at the disk centre, by convention. Thus, negative values for Qexp
1 and Qexp

3

indicate that they cause CW moment whereas the other two Qexp
i cause the

CCW moment at disk centre. Magnitudes of Qexp
i are less than their corre-

sponding P exp
i by nearly 15 times. The angle of friction at the four contacts can

be found as:

(5.6)

γexp1 = arctan
Qexp

1

P exp
1

= − arctan(0.065) = −3.7◦,

γexp2 = arctan
Qexp

2

P exp
2

= arctan(0.079) = 4.5◦,

γexp3 = arctan
Qexp

3

P exp
3

= − arctan(0.055) = −3.1◦,

γexp4 = arctan
Qexp

4

P exp
4

= arctan(0.077) = 4.4◦.

In Eq. (5.6), all the numbers are static friction angles (or coefficients of
static friction) which are very small here, thus indicating a low tendency for
relative motion between loading/supporting bars and the disk specimen in the
experimental configuration considered here. Negative value for Qexp

1 indicates
that the resultant load is more vertical than otherwise at βexp

1 boundary point
making the local fringes (at P1 or Q1) are aligned more vertically rather than
radially. A positive value for Qexp

4 indicates that the resultant load is again
more vertical than otherwise at βexp

4 point. The last two predictions imply that
the fringes around the two loading points at the right side resemble the fringe
distribution in the diametrically compressed disk. Similar predictions can be
made about the left side loading points. All these conclusions can be verified
with Fig. 5, which is reproduced here in Fig. 18(a) for direct comparison against
the simulated isochromatic pattern using the experimentally prevailing loads.

From Fig. 18 we observe that the simulated fringe patterns match closely
with the experiments including capturing the essential features such as ‘8’ shaped
first order fringe around IPs, slight tilting of fringes near the load points at the
boundary, and the weak and strong fringe concentrations at βexp

2 and βexp
1 points,

respectively. This matching of patterns validates the normal and tangential load
values determined, and the generic analytical approach proposed above.
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(a) (b)

Fig. 18. Simulated isochromatic pattern using experimental loads: (a) experimental result,
(b) analytical prediction (the values of fringe order N are marked).

It is important to note that the inverse methodology presented here assumes
that contact force directions (βi) remain constant during loading. While this as-
sumption is appropriate for the controlled experimental configuration considered
in this study, it may not directly hold in more complex industrial systems where
contact orientations can evolve dynamically due to deformation, frictional slip,
or multi-body interactions. Therefore, the present formulation should be viewed
as a foundational framework, most applicable to systems with well-defined or
constrained contact geometries. Extension of this approach to more general in-
dustrial applications will require coupled modelling of contact kinematics and
may involve additional measurement or estimation strategies for determining
load directions.

For extending this method to any other 2-D solid geometry under a pre-
scribed loading configuration, we should know the analytical solution for distri-
bution of stresses in the solid. Then the demonstrated method can be applied
directly using the information of IPs formed. In case of numerical solution to
the problem of interest, one may employ curve-fitting (surface-fitting for 2-D
domains) techniques to express the stress distributions as functions of domain
coordinates (x, y or r, θ). Reliable expressions for stress components applicable
for the problem can ensure enough accurate contact friction values found.

6. Conclusions

This study investigated the formation, evolution, and practical utility of
isotropic points (IPs) in circular disks subjected to multi-point loading using
analytical modelling and photoelastic experiments. While multiple loading con-
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figurations were analysed, the results show that the observed fringe patterns
and IP behaviour can be understood through a unified physical framework.

First, it is established that isotropic points correspond to zero-shear locations
in the stress field and therefore lie on zero-shear loci. The structure of these loci
is governed primarily by the symmetry of loading. When symmetry is present,
IPs are confined to symmetry axes, whereas symmetry breaking leads to their
migration into the interior of the disk along curved trajectories. These trajec-
tories reflect the redistribution of stress and can be interpreted as indicative of
load transfer pathways. Second, the evolution of IPs is characterised by mech-
anisms of formation, coalescence, and splitting. In normal loading cases, pairs
of IPs form along symmetry axes, merge at critical parameter values, and subse-
quently migrate into the domain. This coalescence represents a transition in the
topology of the stress field associated with the merging of zero-shear regions.
Third, tangential loading produces qualitatively different behaviour by intro-
ducing a persistent central isotropic point corresponding to a null stress state.
Unlike normal loading, where coalescence occurs abruptly, the evolution of IPs
in tangential loading proceeds through intermediate zeroth-order fringe (ZOF)
regions, indicating a smoother redistribution of zero-shear zones. Fourth, it is
demonstrated that the locations of IPs are independent of the load magnitude
but highly sensitive to the load direction and orientation. This invariance makes
IPs robust markers for characterising loading geometry and enables their use in
inverse analysis.

The inverse approach developed enables the determination of normal and
tangential contact load components directly from the experimentally measured
coordinates of IPs. The good agreement between simulated and experimental
fringe fields validates the approach and highlights the capability of IP-based
analysis for non-invasive load identification. Overall, the study demonstrates
that the diverse fringe patterns observed under different loading configura-
tions can be interpreted within a unified framework governed by symmetry,
stress topology, and load orientation. This provides a deeper physical under-
standing of photoelastic phenomena and strengthens the role of isotropic points
as fundamental descriptors in stress analysis.

Building on the current findings, future research could explore the behaviour
of isotropic points in functionally graded materials (FGMs), which exhibit spa-
tially varying properties [39]. This will involve adapting the analytical framework
to account for material gradients and validating the results through advanced
photoelastic experiments. Additionally, the methodology can be extended to
three-dimensional geometries and dynamic loading conditions to better simu-
late real-world applications. Investigating IP behaviour in composite structures
and under thermal loads will further enhance the applicability of this work in
aerospace, biomedical, and civil engineering domains.



140 K. V. N. Surendra, S. J. Antony

Appendix A: Method to solve circular disk problems

This appendix describes a general method for determining the state of stress
in a circular disk subjected to the action of any number of concentrated loads.
The loads can have normal and tangential components acting at discrete points
on the periphery only. This method relies on the superposition principle [15, 35].
The following description summarizes the method. The classical problem of
a semi-infinite plate with a concentrated load at the straight boundary (half-
plane) shown in Fig. 19(a) is solved by Flamant by an analogy from hydrostatics,
leading to radial stress distribution [9]. Such half-plane geometry is assumed tan-
gential to the periphery of a circular disk at a point of loading with disk domain
comprising half-plane and the point loads coincided. Half-planes required for
idealising the contacts of the disk problem are as many as the point loads acting
on the disk. All the half-plane solutions are linearly superposed after expressing
them with respect to a consistent global coordinate system at the disk centre.
The half-plane required for a typical point load is shown in Fig. 19(b) along
with the central global coordinate system. The required solution is obtained by
superposing a hydrostatic stress state for correcting the boundary traction.

θ1

y1
r1

x1

QP

(a)

α

r

x

y
θ

R

Q

P

(b)

Fig. 19. Flamant problem with both normal and tangential load components with respect to
(a) local left-handed coordinate system, (b) global right-handed coordinate system.

The state of stress contributed by a concentrated load acting at θ = (90◦−α)
on the disk periphery, shown in Fig. 19(b), is given [35] by:

(A.1) [σ]GenFl =

[

σrr τrθ
τrθ σθθ

]GenFl

=
−2P

πh

{R cos γ − r sin(α− γ + θ)}
{r2 +R2 − 2rR sin(α+ θ)}2

×
[

{r −R sin(α+ θ)}2 −Sym−
−R cos(α+ θ){r −R sin(α+ θ)} R2 cos2(α+ θ)

]

.

The state of stress due to the combined action of n point loads of magnitudes
P1, P2, . . . , Pn acting into the disk inclined to radial direction by γ1, γ2, . . . , γn
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measured CCW acting at θ = θ1, θ2, . . . , θn on the periphery, respectively, can
be written as:

(A.2) [σ] =
n
∑

i=1

[σ]GenFl(P = Pi, γ = γi, α = 90◦ − θi) +

∑n
i=1 Pi cos γi
2πRh

[

1 0
0 1

]

,

in which the parentheses after the stress tensor for the generalized Flamant
problem indicate substitution of the parameters. The last term of the above
equation is the hydrostatic stress to get the traction-free boundary, excluding
the loaded points.
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