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IN THIS PAPER, THE LINEAR THEORY OF MOORE-GIBSON-THOMPSON (MGT) ther-
moviscoelasticity for materials with voids is examined and the basic boundary value
problems (BVPs) of steady vibrations are investigated. The governing equations of
motion and steady vibrations are formulated. The fundamental solution to the system
of steady vibration equations is constructed explicitly using four elementary func-
tions, and its key properties are analyzed. Then, Green’s first identity is established
and the uniqueness theorems for classical solutions of the associated basic BVPs are
proved. The surface and volume potentials are defined, and their essential properties
are established. Singular integral operators are introduced, and their symbolic deter-
minants and indices are calculated. Finally, existence theorems for classical solutions
of the basic internal and external BVPs are established using the potential method.
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1. Introduction

THERMOVISCOELASTICITY IS THE BRANCH OF CONTINUUM MECHANICS that
studies the coupled thermal and viscoelastic behavior of solids, whose deforma-
tion depends not only on stress and strain but also on time and temperature.
It extends classical viscoelasticity by incorporating thermal effects, taking into
account for phenomena such as thermal expansion, temperature-dependent re-
laxation, and energy dissipation through internal friction and heat generation.
Materials such as polymers, asphalt, biological tissues, glasses, and metals at
elevated temperatures often exhibit thermoviscoelastic behavior (for details, see
LAKES [1], PARK and LAKES [2]).

Moreover, materials having small distributed pores may be called porous
materials or materials with voids. The intended application of such media may
be found in geological and biological materials like rocks and soils and in man-
ufacturing porous materials for which the classical theory of elasticity is not
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adequate. NUNZIATO and COWIN [3, 4] developed the theory of elastic materials
with voids. This framework was later extended by IESAN [5], who incorporated
Fourier’s classical law of heat conduction and presented a corresponding theory
of thermoelasticity for materials with voids. Fundamental results and compre-
hensive reviews of the literature on elastic and thermoelastic materials with voids
can be found in the monographs by CIARLETTA and IESAN [6] and IESAN [7],
as well as in a series of papers [8H14] and the references therein.

In parallel, mathematical theories were developed that took into account the
viscous properties of materials with voids. Indeed, CowIN [15] presented
the theory of viscoelasticity for materials with voids. Then, IESAN [16] intro-
duced the thermoviscoelasticity theory for the same structure of materials based
on the Fourier law of heat conduction. After this, various important problems of
the theories of viscoelasticity and thermoviscoelasticity for materials with voids
are investigated in the several papers by Bucur [17], CHIRITA [18], IESAN
and QUINTANILLA [19], QUINTANILLA et al. [20], SHARMA and KUMAR [21],
SVANADZE [22-25], and TOMAR et al. [26].

On the other hand, it is well known that Fourier’s law (parabolic heat
equation) predicts infinite thermal signal speed and fails when heat transport
shows clear wave-like or nonlocal effects. For this reason, in the second half
of the last century, the construction and intensive investigation of generalized
thermoelasticity theories based on non-Fourier’s law of heat conduction began.
The first modification of Fourier’s law was proposed by CATTANEO [27] and
VERNOTTE [28]. In this formulation, a single relaxation time is introduced into
Fourier’s law, which transforms the governing heat equation into a hyperbolic
form and leads to the prediction of temperature waves (second sound) propa-
gating at finite speed. Based on the Cattaneo—Vernotte law, LORD and SHUL-
MAN [29] introduced the first generalized theory of thermoelasticity. GREEN
and LINDSAY [30] proposed a theory incorporating two relaxation times (one for
the heat flux vector and one for the temperature gradient) in the constitutive
equations.

Moreover, in the early 1990s, GREEN and NAGHDI [31H33| proposed three
new theories of generalized thermoelasticity, distinguished by their respective
laws of heat transfer (Types I, I, and IIT). A wide historical overview of the non-
Fourier heat conduction laws and the generalized thermoelasticity theories is given
in the books by IGNACZAK and OSTOJA-STARZEWSKI [34], STRAUGHAN |[35],
Tzou [36], and in the review papers by CHANDRASEKHARAIAH |37, 138], JOSEPH
and PREz10SI [39, 40|, and SHAKERIASKI et al. [41].

Recently, based on the MGT [42, 43] equation, QUINTANILLA [44] has intro-
duced the so-called MGT thermoelasticity theory. This theory has found impor-
tant applications in acoustics, laser-induced heating, and high-frequency ther-
moelastic wave propagation. Because of this, it has attracted great attention from
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scientists and has become the subject of intensive research. Important results
obtained in this direction are presented in the papers by BAZARRA et al. [45, |46],
FLOREA and BOBE [47], JANGID et al. |48], JANGID and MUKHOPADHYAY [49],
MARIN et al. [50], QUINTANILLA [51], SINGH and MUKHOPADHYAY [52], SVA-
NADZE [53H56] and the references therein.

In this paper, the linear theory of MGT thermoviscoelasticity for materials
with voids is examined, and the basic BVPs associated with steady vibrations
are investigated. This model extends IESAN’S [16] theory of thermoviscoelasticity
for materials with the same structure by replacing the classical Fourier law with
the MGT equation for heat propagation.

This paper is organized as follows. Section 2 presents the governing equa-
tions of motion and steady vibrations within the linear model of the MGT
thermoviscoelasticity for materials with voids. The system of equations of motion
is formulated in terms of the displacement vector field, the variation of the
pore volume fraction, and the temperature change in the porous material. In
Section 3, the fundamental solution to the steady vibration system of equa-
tions is explicitly constructed by four elementary functions and its essential
properties are established. In Section 4, the basic internal and external BVPs
of steady vibrations are formulated, and Green’s first identity is obtained. In
Section 5, on the basis of this identity, the uniqueness theorems for classical
solutions of the aforementioned BVPs are proved. In Section 6, the surface
(single-layer and double-layer) and volume potentials are defined, and their ba-
sic properties are derived. In Section 7, singular integral operators relevant to the
BVPs are introduced and their symbolic determinants and indices are calculated.
Finally, the existence theorems for classical solutions to these BVPs are proven
using the potential method.

For extensive information on the potential method and its main results in both
the classical theories of elasticity and thermoelasticity, as well as in mathematical
theories of porous materials, see the monographs by KUPRADZE et al. [57] and
SVANADZE [58].

2. Governing equations

Within this paper, we assume that an isotropic, homogeneous Kelvin—Voigt
porous material occupies a region (2 of the three-dimensional Euclidean space R3.
Let x = (71,22, 73) be a point of R? and let ¢ (> 0) denote time.

We use the following standard notations: the Latin subscripts (unless oth-
erwise specified) are understood to range over the integers (1,2, 3), vectors and
matrices are denoted by bold letters, subscripts preceded by a comma indicate
partial differentiation with respect to the corresponding Cartesian coordinate,
repeated indices imply summation over the range (1,2,3), a superposed dot
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denotes differentiation with respect to time ¢. In this section, functions and
vectors that depend on x and ¢ are marked with a “hat” symbol.

Let = (41, U9, ug) be the displacement vector for the skeleton of the Kelvin—
Voigt porous material, ¢ be the change of the volume fraction of the pore net-
work from the reference configuration, 0 be the temperature measured from
some constant absolute temperature Tp(> 0), ¥ be the thermal displacement
satisfying the condition [31H33]

(2.1) 9= 0.

Following IESAN [16] and QUINTANILLA [44], the governing system of field

equations of motion in the linear theory of MGT thermoviscoelasticity for ma-

terials with voids is composed of the following four sets of equations:
1. The equations of motion

(2.2) tjo = plt; —F]{), hiy+ 3= pmp— pky,

where tl] is the component of the stress tensor, p (> 0) is the reference mass

density, F = (Fl, FQ, F3) is the body force per unit mass, hl is the components

of the equilibrated stress vector, § is the equilibrated body force, p; (> 0) is the

equilibrated inertia, E % is the extrinsic equilibrated body force per unit mass.
2. The constitutive equations

(2.3) t1j = 21015 + Méroij + (bo@ — 50)d4, hy = aopy,
§=wér —Sp+mb,  pi=al+ Béy +mg,

where 7) is the entropy per unit mass, a(> 0) is the thermal capacity, d;; is the
Kronecker delta,

L 0 L 0 L 0
/\0—)\+)\8t Ho =+ o5 bo b—i—b@t
ao_a—ka%, Vo—b'i‘Vaa 50—54'5&

A and p are the Lamé constants, 5(# 0) is the thermal expansion coefficient,
b, o, and £ are the constant parameters corresponding to voids of the porous
material, m is the constant thermal parameter, \*, p*, b*, o*, v*, and £* are the
constant viscoelastic parameters, €;; is the component of the strain tensor and
defined as

. 1
(2.4) €l =3

5 (T, + tj1).-

3. The heat transfer equation
(2.5) Gy = —pTon + pF%,

where §; is the component of the fluid flux vector and F, ¢ is the heat source.
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4. The MGT heat conduction equation
(2.6) T4+ G = —(k*0 + k6,),

where k(> 0) is the thermal conductivity, £*(> 0) is the conductivity rate
parameter, and 7(> 0) is the relaxation parameter.

Substituting Egs. (2.1), (2.3), (2.4), and (2.6) into (2.2) and (2.5) we obtain
the following system of motion in the linear theory of MGT thermoviscoelasticity
for materials with voids expressed in terms of the displacement vector field 1,
the changes of the volume fraction of pore network ¢ and the temperature 6:

oA+ (Ao + po)Vdiva + bgVg — BV = p(a — ),
(2.7) (A — &) — rpdiva + ml = plé — sziv
E*AO + kAG — TyM (af 4 fdiv i + m) = —pMEY,

where A is the Laplacian operator, V is the gradient operator, and M = %4—7’3—;.

It should be noted that, for different values of k, k*, and 7, the system (2.7)
yields distinct systems of equations of motion corresponding to various theories
of thermoviscoelasticity for materials with voids, each based on a specific law of
heat conduction:

(i) The Fourier classical law for k* =7 =0, k > 0.

(ii) The Cattaneo—Vernotte law for k* =0, k > 0, 7 > 0.

(iii) The Green—Naghdi type II law for k=7k* (in particular, k=7=0), k* >0.
(iv) The Green—Naghdi type III law for 7 =0, & > 0, k* > 0.

(v) The MGT law for k* >0, 7 > 0, k — 7k* # 0.

We suppose that 0, ¢, é, and Fl’ have a harmonic time variation. This means
the following

{0,$,0, F/}(x,t) = Re[{u, ¢, 0, F] }(x) e 7], [=1,2,...,5.

Then from (2.7) we obtain the system of steady vibration equations in the theory
of MGT thermoviscoelasticity for materials with voids:

(1A + pw?)u+ (A + p1)Vdivu + b Vo — BV = F”,
(2.8) (a1 A+ &) —ridivu+ mb = Fy,
(koA + mya)f + mq(Bdivu + mep) = Fs,

where w (> 0) is the oscillation frequency, F' = —pF',| Fy = —pF}, F5 =
p(iw + Tw?)F}, and

AL = A —iwA\¥, H1 = p—iwp”, b1 = b — iwb*,
(2.9) a1 = a —iwa’, &1 = prw? — €+ iwe”, v = b—iwy",

ko = k* — iwk, my = Tow? (1 — iwT).
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We introduce the notation:

2

A(Dx) = (Alj(Dx))5><5, Alj = (1A + pw2)5lj + (A + 1)

81?[81‘]"
0 0 0
14 = b1 0z, 15 58351’ 4l Mg a1 = a1A + &,
0
Ags =m, As = 5771187, Asq = mmy, Ass = koA + amy,
!

o o0 0
Dx - <8$1783§'278$3)

Obviously, the system (2.8) we can rewrite in the following form
(2.10) A(Dy)U(x) = F(x),

where U = (u, ¢, 6) and F = (F”, Fy, F5) are five-component vector functions.
Throughout this paper, we assume that the condition

gt >0, 3N +2u° >0, a*>0, ko#O0,

(211) * * *\2 4 * %\ %
Bk 20, (b9 < 53X+ 2u)¢

is fulfilled.

3. Basic properties of fundamental solution

In this section, the fundamental solution of the system of steady vibration
equations (2.8) is introduced and its basic properties are established.

Obviously, the fundamental solution of Eq. (2.10) (the fundamental matrix
of operator A(Dy)) is the matrix I'(x) = (I';;(x))sx5 satisfying the following
equation in the class of generalized functions

A(Dy)T(x) = 6(x)J,

where §(x) is the Dirac delta, J = (&), is the unit matrix, x € R3.

We introduce the notation:

)

5x5

A+ pw? —1 A BmiA
B(Dx) = (B1j(Dx))3y5 = by alA+& mmy ;
—5 m koA + amq 3%3

where p) = A1 + 241.
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3
detB(A) = [[(A+¢),  Ax(d) = A(A)A+D),

j=1

1
pr ko

A (A) =

where (?,(3, and (2 are the roots of the equation Aj(—y) = 0 (with respect

to x), whereas (3 = p“’ . We suppose that these roots are distinct and Im ¢; > 0
(1=1,2,3,4).

3)
LD, = (Ly(Du)ses. Ly(Da) = —Ai(A) 6y + nnn(8) 2
x) — lj x))5X5; lj x) — 11 1 lj 11 81‘[8.%]'7
(3.1) o o
Ly (Dx) = 'rfAia L,;(Dx) = rf‘Aiy
ir(Dx) = na;p—a( )axl 7(Dx) = np—a;1( )axj
Ly (Dx) = np_2.m—2(4A), r,m =4,5,
where
(A) L (On 4 p)B — By + BBy
n = — ,
11 ko 1 1)1 152 183
1
(A) = — By i =2,3
nl]( ) ,Ullako l3» J [
and Bl*j is the cofactor of element B;; of B.
By direct calculation we get
(3:2) A(Dx)L(Dx) = A(A),
where
A(A) = (A (A))s5x5, A11 = Aoy = Azz = Ao,
A44:A55:A17 Aljzou l#]v l?j:1727"'>5'
Let
U(x) = (Vij(x))sx5,  P11(x) = Vaz(x) = U33(x Zn2r¢
(3.3)
\:[144( \1155 Znh“w 7 \Illj(x) = 01 l 7& j: lv] = 1727374a
where
4 3
Mr = H (CZQ_CE)_Ia 2m = H (Cl _ngz) g
I=1,1#r I1=1,l#m
€1<7’|x|
P (x)=———,  r=1,2,34

47 |x|
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Obviously, the matrix ¥(x) is the fundamental solution of the operator A(A),
that is,

(3.4) AA)T(x) = 6(x)d,
where x € R3.
We have the following theorem.
THEOREM 1. The matriz T'(x), defined by
(3.5) T(x) = LD (x).
is the fundamental solution of the system (2.8), where the matrices L(Dx) and
W(x) are given by (3.1) and (3.3), respectively.
Proof. Using identities (3.2) and (3.4) from (3.5) it follows that

A(Dy)I'(x) = A(Dx)L(Dx)¥(x) = A(A)¥(x) = 0(x)J.
Hence, I'(x) is the fundamental matrix of the operator A(Dy). O

It is worth noting that the matrix I'(x) is presented explicitly with the help
of four elementary functions ¥\ (j =1,2,3,4).

Based on Theorem 1, we obtain the following essential properties of the
matrix I'(x).

THEOREM 2. Fach column of the matriz T'(x) is a solution of homogeneous
equation A(Dx)U(x) = 0 at every point x € R3 except the origin of R3.

THEOREM 3. In the neighbourhood of the origin of R® there holds

Dyi(x) = O(x[7"),  Taa(x) =O0(x[™),  Tss(x) = O(x|™"),
Fl?"<x) = 0(1)7 Prl(x - O(1>7 P45(X) = 0(1)7
F54(X) = O(l), r= 4,5.

THEOREM 4. Let the matriz differential operator A (D) defined by

0 0 0
A (Dx) = (Agj)(DX))5><5; Al(j)(DX) = mAd; + (A + “1)89016:10]»’
AEBR (Dx) = a1, Ag%)(DX) = koA, Al(g) = Ag(l]) = AA(LOS) = Aé(z)l) =0.

Then T (x) = (Fl(?) (x))5x5 is the fundamental matriz of the operator A (D)
with the following properties
0 _ 0 _ 0 _
M) =o(x™), e =0, ) =0(x™),
D (00) = T () = T4 (x) = T (%) = 0

Ir rl
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in the neighbourhood of the origin of R3, where:

(0) M43 0 M+ (0) L o

I =-— - J - -7 T -

50 g o Sm b 0T 000
O (x) = Ly O (x) = — .

I':)(x) kow (x), P (x) prmk r=4,5.

THEOREM 5. In the neighbourhood of the origin of R? there holds
T(x) — T\ (x) = const + O(|x[),  Lj=12,...,5.

lj

Hence, in view of Theorem 5, the singular part of I'(x) in the neighbourhood
of the origin of R? is given by the matrix T'0)(x).

4. Basic boundary value problems and Green’s identity

At the beginning, we give a definition of the class of regular vector functions.
Then the basic BVPs of steady vibrations in the theory under consideration are
formulated, and finally, Green’s first identity of this theory is established.
~ Let QT be a finite domiainiin]R3 with the surface S, S € C?", 0 < v < 1,
Qr=0TUus, QO =R\ OQH, Q- =0 US.

A vector function U = (Uy,Us, ..., Us) is called regular in Q= (or Q%) if:

(1) U € C2(Q7)NCHQ) (or Uy € C?(QH) N CHOQT)),
(ii)
(4.1) Ui(x) = O(Ix|™),  Uy;(x) = o(|x|™")

for |x| > 1, where [ =1,2,...,5.
We introduce the matrix differential operator R(Dx, n) as:

0 0 0
R(Dy,n) = (R;j(Dx,n))sx5, Rij = Nldlj% + MlnjaTcl + Mg —

(9.1‘j7

4.2 0 0
(42) Ry = biny, Ri5 = —pny, Ryy = oy —, Rs5 = ko——,
on on

Ry = Ry5 = R5; = R54 = 0,

where n(z) denotes the external (with respect to Q1) unit normal vector to S
at z, n = (n1,n2,n3), 8% is the derivative along the vector n.

The basic internal and external BVPs of steady vibrations in the linear
theory of MGT thermoeviscolasticity for materials with voids can be formulated
as follows.
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Find a regular solution U = (u, ¢, ) to Eq. (2.10) for x € Q7 satisfying the
boundary conditions:

(4.3) Q+9l>i<13zeSU(X) ={U(2)}" = f(2)
and
(4.4) Q+91)i(§zes R(Dy,n(z))U(x) = {R(D,,n(z))U(z)}" = f(z)

in the internal BVPs (I)f ¢ and (I1)f ¢, respectively.
Find a regular solution U = (u, ¢, ) to Eq. (2.10) for x € Q™ satisfying the
boundary conditions:

(4.5) Q—aligzeSU(x) ={U(z)}” =1£(2)
and
(4.6) Q*alirgzes R(Dx,n(z))U(x) = {R(Dz,n(z))U(z)} =f{(2z)

in the external BVPs (I)p ¢ and (II)p ¢, respectively. Here F and f are given
five-component vector functions, and supp F is a finite subset of Q™.

In the following, the scalar product of two vectors v = (v1,vs,...,v;) and
v/ = (v],v),...,v)) is denoted by u-v = Zé-:l
conjugate of v7.

We introduce the notation:

o A
;v where v is the complex

1 _
WO (u,u') = §(3A1 + 2p1 )divudivu’

3
+ % S© (uga+ ) (W, )
Lj=1;1#]
3 7 wa
poN~ (Qu Oug\ (Oup U
(4'7) + 3 ZJZ:%(&%Z 89@) <6xl 8xj ’

WU, ) = WO (u,u') — pw?u-u + (bip — fO)divud,
WO(U, @) = a1V - V' — (£1¢ — vidivu 4+ ml)¢,
WO(U,0") = kgV0 - VO — my(ad + Bdivu + me)d,

where u}, ¢’ and ¢ are functions on R3, u’ = (u}, ub, u}).

With the help of (4.1) and (4.7), we have the following result.
LEMMA 1. If U = (u,p,0) and U = (U, ¢, 0') are five-component regular
vectors in QF, then
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/ AN (D) Ux)' (x)+ WO (U )] dx = + / R (D, n)U-u d,5.
S

O*
1) [APDIUEI AU dx = tar [ 25 4,5,
OF S
‘/M@@wUQquwmeﬂﬂﬁ—i% é%@@&
Q* S
where
A(l) (Dx) = (Al(;) (Dx))3)<57 Al(jl)(Dx) - Al] (DX)7
A(T)(DX) = (Agg)(DX))IX& Agg)(DX) = AT+2;j(DX)a
RO (Dy,n) = (R(Dx,n))3x5,  R\(Dx,n) = Ri;(Dx,n),

j=1,2,....,5 r=2,3.

On the basis of Lemma 1 we can easily verify the following theorem.

THEOREM 6. If U = (u,¢,0) and U’ = (0, ¢',0") are five-component regular
vectors in QF, then

(4.9) / [A(Dy) U(x) - U'(x) + W (U, U")] dx

(9=
= j:/R(Dz, n)U(z) - U'(z) d,S,

S
where the operator R is given by (4.2) and

WU, U = wO(U, o) + WU, ¢ ) + wE (U, 9.

The relation (4.9) is Green’s first identity in the linear theory of MGT ther-
moeviscolasticity for materials with voids.
Obviously, from (4.7) it follows that:

3

1 .
WO (u,u) = §(3A1 + 2p1) |divul* + % Z Jujp + u gl
Li=1;1#5
3 ou,  Ou, |
+ % 2 \5m "oz
(4.10) L= OO

WU, u) = WO (u,u) - pw’[uf® + (b — 46) div,
WU, p) = 1|Vl - &lpl? + (11 diva — mb)g,

WU, 0) = ko|VO> — am1|0]* — m1 (B divu + me)d.
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In view of (2.9) from (4.10) we have:
Im WO (U, u) = —wW*(u) + bIm (¢ diva) — wb* Re (¢ diva)
— fIm (0 diva),
ImW®(U, ) = —wa*|Ve|? — we*|p|? — mIm (67) + bIm (div up)
— wv" Re (divup),
@11) ReW®) (U, 0) = k*|V0)? — ams|0|? - Bmg Re (div u?)
— wrfma Im (div uf) — mma Re (ph)
— wrmma Im (o),
Im WU, 0) = —wk|VO? + wrams|0|? — Bmy Im (div uf)
+ wrBma Re (divuf) — mma Im (p0)

+ wrmma Re (¢0),
where my = Tow? and
1 2 M : 2
(4.12) W (w) = SN + 207 div ul + 5 37 g+ |
Li=11#]
3 2
w0 Ouy
+ 3 Z dx;  Oxj|
l,j=1

At a glance, by virtue of (4.12) from (4.11) it can be verified that:
Im WO (U, ) +Im W3 (U, )
= —wW?*(u)—(b*"++") Re (div up)
— BTIm (Adiv 1) —wa* |V|? —we*|@|? —m Im (67)
(4.13) = —wWi (u)—wW® (u, ) —wa*|Ve|?— 4 Im (AdivT) —m Im (§p),
wr Re WO (U, 0)+Im W) (U, 6)
= —wk/|VO|> = Broms Im (div uf) —mroms Im (),

where k' = k — 7k*, 70 = 1 + w?72, and

y 3 « 3 2
Wi (u) = o § : ;g + w i * + ) § S —ax? >0,
Lj=1;1#j 1j=11" J

(4.14) )
W (u, ) = 3 (BA" 4 27) [div uf?

+ (5" +7") Re (divup) + €] > 0.
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Consequently, in view of (4.14) from (4.13) we deduce that
— moro[Im WM (U, u) + Im W3 (U, )]
(4.15) —wrReW®(U,0) —Im W) (U, 0)
= wmaro[Wg (u) + W (u, 9) + a* |V 2] + wk/|V|? > 0.

5. Uniqueness theorems

In this section, the uniqueness theorems for classical solutions of the BVPs
(I)iff and (Il)ﬁf are proved.
We have the following uniqueness theorems.

THEOREM 7. The internal BVP (K); ¢ admits at most one regular solution,
where K = 1,11.

Proof. We suppose that there are two regular solutions of the BVP (K ); £
where K = I, 1l. Then their difference U is a regular solution of the internal
homogeneous BVP (K)(';O, i.e., U is a regular solution in O of the system of
homogeneous equations:

(1A + pwhu + (A + 1) Vdiva 4 5 Ve — VO = 0,
(5.1) (1A + &) — vidiva+mb =0,
(koA + mia)f + my (B divu+ mep) =0,
satisfying the homogeneous boundary condition
(5.2) {U(z)}t =0 forzeS
in the internal Problem (I)JO, and
(5:3) {R(Dz,n(z))U(z)} " =0

in the internal Problem (II):{O, where the operator R(D,,n(z)) is defined
by (4.2).
In view of the relations (5.1)—(5.3), from (4.8) for U’ = U we deduce that:

(5.4) /W<1>(U,u) dx = 0, /W@)(U,@) dx =0, /W<3>(U,9) dx = 0.
Qt Qt Qt

Now, from (5.4) we can easily verify that

(5.5)  momo / [Im WO (U, u) + Im W3 (U, ¢)] dx
O+
+ / [wr Re W (U, 0) + Im W) (U, )] dx = 0.
O+
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Taking into account the identity (4.15) from (5.5) we get
(5.6) / {wmaro[WE(u) + W (u, ) + a*|Vg|?] + wk'|V|?} dx = 0.
O+

By virtue of the assumption (2.11) and the relations of (4.14) from (5.6) we
obtain

(5.7) Wi =0,  WW(u,p)=0.
On the basis of (5.7) from (4.14) it follows that:

du(x)  Ou,(x)

(5:8)  ur(x) +uju(x) =0, =5~ oz,

=0, divu(x)=0, [#j

and

(5.9) p(x) =0

for x € Qt. Clearly, by relation of (5.8) from (4.10) we get W (u,u) = 0 and
consequently, we can write

(5.10) wWO(U,u) = —pw?|ul?.
Substitution of (5.10) into the first relation of (5.4) yields
(5.11) u(x)=0

for x € Q.
Afterwards, on the basis of (5.9) and (5.11) from the first equation of (5.1)
we obtain Vf(x) = 0, i.e.,

(5.12) 0(x) = const

for x € Q. Now, taking into account the relations (5.9), (5.11), and (5.12) from
the last equation of (5.1) we deduce that am;6(x) =0, i.e.,

(5.13) 0(x) =0

for x € QF. Therefore, on the basis of (5.9), (5.11), and (5.13) we have U(x) = 0
for x € Q" and we have desired result. O

THEOREM 8. The external BVP (K)g ¢ admits at most one regular solution,
where K = 1,11.
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Proof. We suppose that there are two regular solutions of the external
BVP (K)g¢, where K = I,1I. Then their difference U is a regular solution

of the homogeneous BVP (K)o, that is, U is a regular solution of the homo-
geneous equation

(5.14) ADyx)U(x) =0 forxe Q™
satisfying the homogeneous boundary condition

(5.15) {U(z)} " =0 forzeS
in the external Problem (I)g o, and

(5.16) {R(D,,n(z))U(z)}~ =0

in the external Problem (II)q ¢-
In view of the relations of (5.14)—(5.16), from (4.8) for U’ = U we deduce
that:

(5.17) /W (U,u)d /W x =0, /W<3>(U,9)dx:
g

Obviously, from (5.17) we have

(5.18) /{wmm[wg( )+ W (u,0) + a*[Vol?] + wk|VO[2} dx = 0.

As in Theorem 7, similar reasoning applied to Eq. (5.18) yields relations (5.9),
(5.11), and (5.13) for x € Q. Therefore, U(x) = 0 for x € Q= and we have
desired result. O

6. Basic properties of potentials

In this section, the surface and volume potentials of the theory of MGT
thermoviscoelasticity for materials with voids are defined and their essential
properties are established.

Let us introduce the following potentials:

1) QM = [,T s (y) dyS is the single-layer potential,

(i) Q® fs ))FT(X —y)]"g(y)dyS is the double-layer po-
tentlal and

(il)) Q®(x, ¢, Q%) = [,. I'(x — y)¢(y) dy is the volume potential,
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where I'(x) is the fundamental matrix of the operator A(Dx) and given by (3.5),
g and ¢ are five-component vector functions, the matrix differential operator R
defined as:

9
6a:j’

Rl4(DX7 l'l) = riny, RlS(Dxa 1’1) = _/Bmlnh RT’m(D)h n) = RTm(DX7 n)7
r=45 m=12,...5

- - - 0 0
R(Dx, Il) = (le(Dx, n))5><5, le(Dx, Il) = ,ulélj% + Mlnj% + Ainy

Using Theorems 1 to 5, we derive the following four consequences, which
present the fundamental properties of these potentials.

THEOREM 9. If S € C?¥, g € C'(S8), 0 <V < v < 1, then:
(a) QW(-,g) € CO(R?) N C> (OF) N C>(QF),
(b) A(Dx) QW (x,g) =0,

61)  {RD.0() QY 8)} =T g() + R(D,,n(2) Q7 (5,

(d) R(D,n(2)) Q"(z,g)
is a singular integral, where z € S, x € QF.
THEOREM 10. If S € C?¥, g € C'(S), 0 <V < v < 1, then:
(2) Q®)(,g) € CV(QF) N C=(QH),
(b) A(Dx) Q®(x.8) =0,
(c)

(62) QP2 8))* =+, 8(2) + Q¥ (7.8,

(d) Q®)(z,g) is a singular integral, where z € S,

(e) {R(D2,n(2)) Q®(z,8)}* = {R(D,,n(2) Q®(2,8)}
where z € S, x € QF.

THEOREM 11. If S € CY, ¢ € COV' (1), 0 < v/ < v < 1, then:
() Q¥ (-, ¢,2F) € M (R?) N C2(QT) N O (),
(b) A(Dx) Q(3) (X7 d)v Q+) = d)(x)u
where Qg is a domain in R3, Qar CcQF, andx € QF.

THEOREM 12. If SeCY, ¢pcCO' (Q7), suppp=QCc Q~, 0< v/ <v <1,
then:
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(a) Q¥ (-, ¢,Q7) € CW (R} N C2(Q™) N C> (Qy),
(b) A(Dx) Q¥ (x,,907) = ¢(x),

where Q is a finite domain in R3, Qia CQ ,andx € Q.

7. Existence theorems

In this section, we first establish the properties of certain singular integral
operators. These properties are then used to prove the existence theorems for
the classical solutions of the BVPs (I)i ; and (I1)g .

We note that the basic definitions and theorems of the theory of singular
integral operators are given in the book by KUPRADZE et al. [57].

For the subsequent analysis, we require the following matrix singular integral
operators:

L0 g(a) = S g(e) + QP(n.8),
£ g(s) =~ g(z) + R(D4,0(2)QV (5, ),
(71) LOg(z) = — 8(x) + Q¥ (. 8),
£g(z) = ; g(z) + R(D,,n(2)Q" (5,8).
Log(z) = 5 8(2) + X QP (n.8)

for z € S, where x is a complex number. The symbol of the operator £)
(j =1,2,3,4) we denote by ®U) = (‘131(2)5%- Keeping in mind Theorem 5 and

the assumption (2.11) from (7.1) we find

(7.2)  det ®V) = —det ®? = —det ®®) = det &Y

— <_1>5 [“% _ 1] _ (A1 4 p1)( A+ 3p1)
2) [(\+2m)? 32(A1 + 201)2

#0,

i.e., the operator £ (j =1,2,3,4) is of the normal type.
Let ®, be the symbol of the integral operator £, and ind £, be the index
of this operator. From (7.1) we can write

X = (A 2m)?

det ®,, =
X 32001 + 2012

and consequently, only at two points x; and xs of the complex plane we have
det @, = 0.
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It is easily verified that in view of (7.2) and det ®; = det & we get X; # 1
(j=1,2) and
ind £; = ind £ = ind £y = 0.

Obviously, from (7.1) we obtain
ind£? = -ind£® =0,  indL®W = —ind£® =0.

Thus, the operator £Y) is of the normal type with an index equal to zero,
and therefore, Noether’s theorems are valid for the singular integral operator
£0) (j=1,2,3,4).

We recall that the volume potential Q) (x,F, Q%) is a regular solution of
Eq. (2.10), where F € CO’”/(Qi), 0 < v/ <1;suppF is a finite domain in Q~
(see Theorems 11 and 12). On account of this reason we establish the existence
theorems for the BVPs (I)ﬁf and (II)aE’f.

THEOREM 13. If S € C2V', f € C'(9), 0 < v/ < V' < 1, then a regular
solution of the BVP (I)gf exists, is unique and is represented by the double-layer
potential

(73) Ux) = QP (x.g) for xeQt,
where g is a solution of the singular integral equation
(7.4) LWg(z) =f(z) forzes
which is always solvable for an arbitrary vector f.

Proof. We seek a regular solution to the BVP (I)§ ¢ in the form of the double-
layer potential (7.3), where g is the density of the pbtential and represents the
unknown five-component vector function. By Theorem 10, the vector function U
satisfies the homogeneous equation (5.1).

Moreover, in view of Egs. (4.3), (6.2), and (7.1), substitution into (7.3)
yields Eq. (7.4) for the unknown vector function g. It remains to prove that
Eq. (7.4) is solvable for an arbitrary vector function f.

We now consider the adjoint homogeneous equation corresponding to
Eq. (7.4), which takes the following form:

(7.5) LBny(z) =0 forze S,

where hg is the required five-component vector function. Let hg be a solution
of the homogeneous Eq. (7.5). In view of Theorem 9 and Eq. (7.5), the vector
function V(x) = Q) (x,hy) is a regular solution of the BVP (I1)g - By The-
orem 8, the BVP (I1)g o admits only the trivial solution, and therefore we can
write:

(7.6) Vx)=0 forxeQ .
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By Theorem 9 and Eq. (7.6) it follows that
(7.7) {(V(z)}t ={V(z)}” =0 forzesS.

Therefore, the vector function V is a solution of the BVP (I )3,0- By virtue of
Theorem 7, this BVP has only the trivial solution, that is,

(7.8) V(x)=0 forxe QT
and from (6.1), (7.6) and (7.8) we obtain
(7.9) ho(z) = {R(D,,n)V(z)}™ — {R(D,,n)V(z)}T =0 forzecS.

Thus, the homogeneous equation (7.5) admits only the trivial solution, and
by virtue of Noether’s theorem, Eq. (7.4) is always solvable for an arbitrary
vector function f. O

THEOREM 14. If S € C*V', f € CO"(9), 0 < v/ < V' < 1, then a regular
solution of problem (II)y ¢ exists, is unique and is represented by single-layer
potential

(7.10) Ux)=QW(x,h) forxeQ,
where h is a solution of the singular integral equation
(7.11) LOn(z) =f(z) forzeS

which is always solvable for an arbitrary vector f.

Proof. We seek a regular solution to the BVP (I1) ¢ in the form of the single-
layer potential (7.10), where h is the density of the p(;tential and represents the
unknown five-component vector function. According to Theorem 9, the vector
function U satisfies Eq. (5.14).

By applying the boundary condition (4.6) and using identity (6.1), from
Eq. (7.10) we obtain the singular integral equation (7.11) for the unknown vector
function h.

As shown in the proof of Theorem 13, the corresponding homogeneous equa-
tion (7.5) associated with Eq. (7.11) admits only the trivial solution. Hence, by
Noether’s theorem, Eq. (7.11) is always solvable. O

THEOREM 15. If S € C2V', £ € C''(9), 0 < v/ < v/ < 1, then a regular
solution of problem (I)y ¢ exists, is unique and is represented by the double-layer
potential

(7.12) Ux) = Q¥ (x,g) forxeq,
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where g is a solution of the singular integral equation
(7.13) LOg(z) =f(z) forzeS
which is always solvable for an arbitrary vector f.

Proof. We seek a regular solution to the BVP (I)g ¢ in the form of the double-
layer potential (7.12), where g denotes the potential density and represents the
unknown five-component vector function. According to Theorem 10, the vector
function U satisfies Eq. (5.14).

By applying the boundary condition (4.5) and using relations (6.2) and (7.1),
substitution into Eq. (7.12) yields the singular integral equation (7.13) for the
vector function g.

We now show that Eq. (7.13) is always solvable for an arbitrary vector
function f. The corresponding adjoint homogeneous equation associated with
Eq. (7.13) can be written as follows

(7.14) LPhy(z) =0 forze S,

where hy is the required five-component vector function.

Let hg be a solution of Eq. (7.14). By Theorem 9 and Eq. (7.14), the vector
function V(x) = QW(x,hy) is a solution to the BVP (II)(Jio- According to
Theorem 7, this BVP admits only the trivial solution, from which we deduce
relation (7.8).

Furthermore, by Theorem 9 and relation (7.8), we obtain the boundary con-
dition (7.7), which implies that the vector function V(x) is a regular solution
of the homogeneous BVP (I )570. By Theorem 8, this BVP also admits only the
trivial solution, i.e., we have the relation (7.6).

Now, on the basis of Egs. (7.6), (7.8) and the identity (6.1) we obtain
Eq. (7.9). Therefore, Eq. (7.14) has only the trivial solution and by Noether’s
theorem Eq. (7.13) is always solvable. O

THEOREM 16. If S € C?V, f € CO’”N(S), 0 < V' <V <1, then a reqular
solution of problem (H)(J)“f exists, is unique and s represented by single-layer
potential

(7.15) Ux) = QW(x,h) for x € OF,
where h is a solution of the singular integral equation
(7.16) LPn(z) = f(z) forzeb,

which is always solvable for an arbitrary vector f.

Proof. We seek a regular solution to the BVP (I )(J)r ¢ in the form of the single-
layer potential (7.15), where h denotes the potential density and represents
the unknown five-component vector function. According to Theorem 9, the
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vector function U satisfies Eq. (5.1) for x € Q. By applying the boundary
condition (4.4) and using identity (6.1), substitution into Eq. (7.15) yields the
singular integral equation (7.16) for the unknown vector function h.

As established in the proof of Theorem 15, the corresponding homogeneous
equation (7.13) associated with Eq. (7.16) admits only the trivial solution.
Therefore, equation (7.16) is always solvable. O

8. Conclusion

1. This paper examines the linear theory of MGT thermoviscoelasticity for
materials with voids and presents the following main results:

(i) The governing equations for both motion and steady vibrations are pro-
posed.

(ii) The fundamental solution to the system of steady vibration equations is
explicitly constructed using four elementary functions, and its essential
properties are established.

(iii) Green’s first identity is derived and employed as the basis for proving
uniqueness theorems for classical solutions of the internal and external
BVPs for steady vibrations.

(iv) Surface and volume potentials are introduced, and their key properties
are analyzed. Singular integral operators are defined, and their symbolic
determinants and indices are computed.

(v) The existence theorems for classical solutions to these BVPs are estab-
lished using the potential method.

2. Based on the results of this paper, it is possible to:

(i) Introduce the linear model of the MGT thermoviscoelasticity for materials
with multiple porosity;

(ii) Investigate the BVPs of steady vibrations of this model using the potential
method and the theory of singular integral equations.
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