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Solutions to the point load problems for elastic solids have different applica-
tions in geomechanics, contact mechanics, tribology as well as in modeling of lattice
defects in crystals. Nonlocal elasticity assumes an integral constitutive equation for
the stress tensor, takes into account interatomic long-range forces, reduces to the
classical theory of elasticity in the long wave-length limit and to the atomic lattice
theory in the short wave-length limit. Often, the nonlocal kernel of a stress constitu-
tive equation is selected as the Green function of the Cauchy problem for appropriate
partial differential equation. In this paper, we obtain the solution of elasticity prob-
lems for a point force in a plane and for a point load on the boundary of a half-plane
in the context of the new theory of nonlocal elasticity in which the nonlocal modulus
is the Green function of the Cauchy problem for the fractional diffusion equation with
the Caputo derivative with respect to the nonlocality parameter and the fractional
Riesz derivative with respect to spatial coordinates.
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1. Introduction

Solutions to the point load problems for elastic solids (see, for example,
books [1–3]), on the one hand, play an important role as the Green functions for
general loading. On the other hand, such solutions have different applications
in geomechanics [1, 4–6], seismology [7], contact mechanics and tribology [8, 9]
as well as in modeling of lattice defects in crystals [10–13].

The main disadvantage of classical elastic solutions consists in appearing of
nonphysical singularities at the points of application of concentrated loads. In
fact, the classical elastic solutions cannot describe the situation in the vicinity
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of the loading point. Moreover, the classical elasticity is not valid at this length
scale and fails to explain the phenomena at the atomic level. This situation has
given rise to the approaches which improve the corresponding classical elastic
solutions.

In the semi-discrete approach [14–19], a portion of a crystal is treated as a dis-
crete lattice, and for remainder of the solid an elastic continuum model is used.
In the discrete region, the atoms are treated as classical particles, one deals with
the individual displacements of the atoms. In the elastic region, displacements
and stresses are calculated from the theory of elasticity. However, there is no
prior knowledge of how large the discrete region should be. At the same time,
the equations governing the behavior of the atoms in the discrete region increase
rapidly in number and complexity as the volume of this region increases. In addi-
tion, the governing equations in the elastic region should be supplemented by the
boundary conditions at the interface between the regions, and such conditions
cannot be simply specified.

Great advances in improving the classical elasticity solutions have been made
using nonlocal elasticity. The foundations of nonlocal theories, based on different
schemes, were laid down by Eringen [20–24], Kunin [25], [26], and Podstri-
gach [27] (see also earlier investigations [28, 29] as well as the recent book [30],
where additional references can be found).

Nonlocal elasticity takes into consideration interatomic long-range forces,
gives rise to the classical theory of elasticity in the long wave-length limit and
to the atomic lattice theory in the short wave-length limit. The stress at a ref-
erence point in the solid depends on the strains at all points of the body. The
relation between the nonlocal stress tensor and the strain tensor has the nonlocal
integral form. The constitutive equation for the nonlocal stress tensor t(x, τ) is
expressed as an integral of the classical stress tensor σ(x) with the weight func-
tion (nonlocality kernel) K(x, τ) [20–24]:

(1.1) t(x, τ) =

∫
V

K(|x− x′|, τ)σ(x′) dv(x′).

Another version of the nonlocal theory was studied in [31, 32]. In this theory
the nonlocal strain tensor E(x, τ) is stated as an integral of classical strain
tensor e(x, τ) with the corresponding weight function

(1.2) E(x, τ) =

∫
V

K(|x− x′|, τ)e(x′) dv(x′).

Starting from Eringen’s investigations on nonlocal elasticity [22–24], the non-
local kernels K(|x − x′|, τ) were chosen as the Green functions of the Cauchy
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problems of differential operators (see also subsequent papers [33–35]). It should
be emphasized that the choice of different nonlocal kernels allows us to reflect
various picularities of the problem.

A number of problems solved within the framework of the nonlocal theory of
elasticity indicate its power. In particular, more justified results were obtained
because the nonlocal elasticity is effective in removing nonphysical singulari-
ties occurring at points of applications of concentrated forces [36–40]. Another
approach, which eliminates nonphysical singularities, involves the gradient elas-
ticity [41, 42].

The fractional calculus has numerous applications in different branches of
science (see, for example, [43–52] among many others). The fractional calculus
was also used in various approaches to nonlocal theories [53–56]. The fractional
gradient elasticity based on the fractional Laplacian in the Riesz form was stud-
ied in [57].

In the present paper, the theory elaborated in [58] is used to obtain nonlocal
solutions for a point force in a plane (the Kelvin problem) and for a point load
on the surface of a half-plane (the Flamant and Cerruti problems).

2. Governing equations

The nonlocality kernel K(|x − x′|, τ) appearing in Eqs. (1.1) and (1.2)
includes the parameter τ associated with a characteristic length ratio l0/l,
where l0 is an internal characteristic length and l is an external characteris-
tic length [23, 24]. In the limit τ → 0+, the kernel K(|x − x′|, τ) becomes the
Dirac delta function

(2.1) lim
τ→0+

K(|x− x′|, τ) = δ(|x− x′|).

Eringen [22, 24] introduced the nonlocal modulus K(x, τ) as the Green
function of the Cauchy problem for the diffusion operator:

∂K(x, τ)

∂τ
= a∆K(x, τ),(2.2)

τ → 0+ : K(x, τ) = δ(x).(2.3)

According to Eqs. (1.1) and (2.1), the associated Cauchy problem for the
nonlocal stress tensor t(x, τ) takes the form:

∂t(x, τ)

∂τ
= a∆t(x, τ),(2.4)

τ → 0+ : t(x, τ) = σ(x).(2.5)
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In the fractional nonlocal elasticity proposed in [58], the nonlocal kernel
K(x, τ) is introduced as the Green function of the Cauchy problem for the
fractional diffusion equation:

∂αK(x, τ)

∂τα
= −a(−∆)β/2K(x, τ),(2.6)

τ → 0+ : K(x, τ) = δ(x),(2.7)

under the assumption 0 < α ≤ 1 and 1 ≤ β ≤ 2. The solution of the Cauchy
problem (2.6) and (2.7) is expressed as

(2.8) K(x, τ) =
1

2π

∞∫
0

Eα(−ρβτα)J0
(√

x2 + y2ρ
)
ρ dρ,

where Eα(z) is the Mittag–Leffler function

(2.9) Eα(z) =

∞∑
k=0

zk

Γ(αk + 1)
, α > 0, z ∈ C.

In this case, the nonlocal stress tensor t(x, τ) is found from the associated
Cauchy problem:

∂αt(x, τ)

∂τα
= −a(−∆)β/2t(x, τ),(2.10)

τ → 0+ : t(x, τ) = σ(x).(2.11)

Here, dαf(τ)/dτα is the Caputo fractional derivative [59–61]

(2.12)
dαf(τ)

dτα
=

1

Γ(m− α)

τ∫
0

(τ − u)m−α−1
dmf(u)

dum
du, m− 1 < α < m.

The Laplace transform rule for the Caputo derivative (2.12) has the following
form:

(2.13) L
{

dαf(τ)

dτα

}
= sαf∗(s)−

m−1∑
k=0

f (k)(0+)sα−1−k, m− 1 < α < m,

where the asterisk marks the Laplace transform, s is the transform variable.
The Riesz derivative (−∆)β/2f(x) is the fractional generalization of the stan-

dard Laplace operator (β = 2) and is defined by its Fourier transform [59, 60]

(2.14) F{(−∆)β/2f(x)} = |ξ|βF{f(x)}, β > 0.

Here, x is a vector of space variables, ξ is a vector of Fourier transform variables.
It should be emphasized that though the parameter τ in Eqs. (2.2), (2.4),

(2.6), and (2.10) looks like time in the corresponding diffusion equation, in fact,
it has quite different physical meaning: this is the parameter describing the
spatial nonlocality.
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3. Point force in a plane

3.1. Kelvin problem

In the Cartesian coordinates (x, y), the concentrated force in an elastic plane
is modeled by the body force (Fx, Fy) in the equilibrium equation as:

(3.1) Fx = F1 δ(x) δ(y), Fy = F2 δ(x) δ(y).

The classical elasticity solution for the plane Kelvin problem can be found in
the books on the theory of elasticity (see, for example, [1–3]) and in Cartesian
coordinates has the following form for the force acting in the y-direction:

σxx = −F2(1 + ν)

4π

y

x2 + y2

(
2ν

1 + ν
+
x2 − y2

x2 + y2

)
,(3.2)

σyy = −F2(1 + ν)

4π

y

x2 + y2

(
2

1 + ν
− x2 − y2

x2 + y2

)
,(3.3)

σxy = −F2(1 + ν)

4π

x

x2 + y2

(
1− ν
1 + ν

+
2y2

x2 + y2

)
,(3.4)

where ν is the Poisson ratio.
In this case, according to (2.10) and (2.11), we have the following Cauchy

problems for the components of the nonlocal stress tensor:

∂αtxx
∂τα

= −a(−∆)β/2 txx,(3.5)

τ = 0 : txx = −F2(1 + ν)

4π

y

x2 + y2

(
2ν

1 + ν
+
x2 − y2

x2 + y2

)
,(3.6)

∂αtyy
∂τα

= −a(−∆)β/2 tyy,(3.7)

τ = 0 : tyy = −F2(1 + ν)

4π

y

x2 + y2

(
2

1 + ν
− x2 − y2

x2 + y2

)
,(3.8)

∂αtxy
∂τα

= −a(−∆)β/2 txy,(3.9)

τ = 0 : txy = −F2(1 + ν)

4π

x

x2 + y2

(
1− ν
1 + ν

+
2y2

x2 + y2

)
.(3.10)

The Laplace transform with respect to the nonlocality parameter τ and the
Fourier transform with respect to the spatial coordinates x and y after using
integrals (A.1)–(A.6) from Appendix give:

t̃∗xx = −F2(1 + ν) i

2π

sα−1

sα + a(ξ2 + η2)β/2

[
ν

1 + ν

η

ξ2 + η2
− η ξ2

(ξ2 + η2)2

]
,(3.11)
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t̃∗yy = −F2(1 + ν) i

2π

sα−1

sα + a(ξ2 + η2)β/2

[
1

1 + ν

η

ξ2 + η2
+

η ξ2

(ξ2 + η2)2

]
,(3.12)

t̃∗xy = −F2(1 + ν) i

2π

sα−1

sα + a(ξ2 + η2)β/2

[
1

1 + ν

ξ

ξ2 + η2
− ξ η2

(ξ2 + η2)2

]
.(3.13)

Inverting the integral transforms taking into account the following formula [60, 61]

(3.14) L−1
{
sα−1

sα + b

}
= Eα(−b τα),

where Eα(z) is the Mittag–Leffler function (2.9), we get:

txx = −F2(1 + ν)

π2

∞∫
0

∞∫
0

Eα[−a(ξ2 + η2)β/2τα](3.15)

×
[

ν

1 + ν

η

ξ2 + η2
− η ξ2

(ξ2 + η2)2

]
cos(xξ) sin(yη) dξ dη,

tyy = −F2(1 + ν)

π2

∞∫
0

∞∫
0

Eα[−a(ξ2 + η2)β/2τα](3.16)

×
[

1

1 + ν

η

ξ2 + η2
+

η ξ2

(ξ2 + η2)2

]
cos(xξ) sin(yη) dξ dη,

txy = −F2(1 + ν)

π2

∞∫
0

∞∫
0

Eα[−a(ξ2 + η2)β/2τα](3.17)

×
[

1

1 + ν

ξ

ξ2 + η2
− ξ η2

(ξ2 + η2)2

]
sin(xξ) cos(yη) dξ dη.

Next we introduce the polar coordinate system in the (ξ, η)-plane and af-
ter some mathematical transformations, using integrals (A.7) and (A.8) from
Appendix, we finally obtain:

txx = −F2(1 + ν)

8π

∞∫
0

Eα(−aρβτα)

[
3ν − 1

1 + ν

y√
x2 + y2

J1(ρ
√
x2 + y2)(3.18)

− y(y2 − 3x2)

(x2 + y2)3/2
J3
(
ρ
√
x2 + y2

)]
dρ,

tyy = −F2(1 + ν)

8π

∞∫
0

Eα(−aρβτα)

[
5 + ν

1 + ν

y√
x2 + y2

J1
(
ρ
√
x2 + y2

)
(3.19)

+
y(y2 − 3x2)

(x2 + y2)3/2
J3
(
ρ
√
x2 + y2

)]
dρ,
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txy = −F2(1 + ν)

8π

∞∫
0

Eα(−aρβτα)

[
3− ν
1 + ν

x√
x2 + y2

J1(ρ
√
x2 + y2)(3.20)

− x(x2 − 3y2)

(x2 + y2)3/2
J3(ρ

√
x2 + y2)

]
dρ.

Now we consider several particular cases of the obtained solution. The stan-
dard diffusion equation for the nonlocality kernel corresponds to the values
α = 1, β = 2. Then E1(−z) = e−z, and Eqs. (A.9) and (A.10) from Appendix
give:

txx = −F2(1+ν)

8π

{
3ν−1

1+ν

y

x2+y2

[
1−exp

(
−x

2+y2

4aτ

)]
(3.21)

− y(y2−3x2)

(x2+y2)2

[
1− 8aτ

x2+y2
+

(
1+

8aτ

x2+y2

)
exp

(
−x

2+y2

4aτ

)]}
,

tyy = −F2(1+ν)

8π

{
5+ν

1+ν

y

x2+y2

[
1−exp

(
−x

2+y2

4aτ

)]
(3.22)

+
y(y2−3x2)

(x2+y2)2

[
1− 8aτ

x2+y2
+

(
1+

8aτ

x2+y2

)
exp

(
−x

2+y2

4aτ

)]}
,

txy = −F2(1+ν)

8π

{
3−ν
1+ν

x

x2+y2

[
1−exp

(
−x

2+y2

4aτ

)]
(3.23)

− x(x2−3y2)

(x2+y2)2

[
1− 8aτ

x2+y2
+

(
1+

8aτ

x2+y2

)
exp

(
−x

2+y2

4aτ

)]}
.

In the case of the Cauchy diffusion equation for the nonlocality kernel (α = 1,
β = 1), using integrals (A.11) and (A.12) from Appendix, we arrive at:

txx = −F2(1 + ν)

8π

y√
a2τ2 + x2 + y2(aτ +

√
a2τ2 + x2 + y2)

(3.24)

×
[

3ν − 1

1 + ν
− y2 − 3x2

(aτ +
√
a2τ2 + x2 + y2)2

]
,

tyy = −F2(1 + ν)

8π

y√
a2τ2 + x2 + y2(aτ +

√
a2τ2 + x2 + y2)

(3.25)

×
[

5 + ν

1 + ν
+

y2 − 3x2

(aτ +
√
a2τ2 + x2 + y2)2

]
,

txy = −F2(1 + ν)

8π

x√
a2τ2 + x2 + y2(aτ +

√
a2τ2 + x2 + y2)

(3.26)

×
[

3− ν
1 + ν

− x2 − 3y2

(aτ +
√
a2τ2 + x2 + y2)2

]
.
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Another particular case corresponds to the values α → 0, β = 2 when
the Mittag–Leffler function tends to E0(−z) = 1/(1 + z). Integrals (A.13) and
(A.14) from Appendix allow us to evaluate the components of the nonlocal stress
tensor:

txx = −F2(1 + ν)

8π

{
3ν − 1

1 + ν

y

x2 + y2

[
1−

√
x2 + y2

a
K1

(√
x2 + y2

a

)]
(3.27)

− y(y2 − 3x2)

(x2 + y2)2

[
1− 8a

x2 + y2
+

√
x2 + y2

a
K3

(√
x2 + y2

a

)]}
,

tyy = −F2(1 + ν)

8π

{
5 + ν

1 + ν

y

x2 + y2

[
1−

√
x2 + y2

a
K1

(√
x2 + y2

a

)]
(3.28)

+
y(y2 − 3x2)

(x2 + y2)2

[
1− 8a

x2 + y2
+

√
x2 + y2

a
K3

(√
x2 + y2

a

)]}
,

txy = −F2(1 + ν)

8π

{
3− ν
1 + ν

x

x2 + y2

[
1−

√
x2 + y2

a
K1

(√
x2 + y2

a

)]
(3.29)

− x(x2 − 3y2)

(x2 + y2)2

[
1− 8a

x2 + y2
+

√
x2 + y2

a
K3

(√
x2 + y2

a

)]}
.

Let l0 be a characteristic length of the medium. We introduce the following
nondimensional quantities:

(3.30) x̄ =
x

l0
, ȳ =

y

l0
, τ̄ =

a1/α

l
β/α
0

τ, t̄xx =
4πl0
F2

txx.

Figures present the dependence of the stress component t̄xx on distance ȳ
for x̄ = 0 and typical values of orders of fractional operators and of a nondimen-
sional parameter. In numerical calculations, we have taken ν = 0.25.

The maximum values of the stress component and the coordinates of points
at which they are achieved are presented in Table 1 depending on the orders
of derivatives α and β and on the nonlocality parameter τ̄ . It is obvious from
Figs. 1–3 and Table 1 that nonlocal solutions do not have nonphysical singu-
larities. The approximate estimates of maximum values of nonlocal stress are
quite acceptable from a physical point of view and are comparable with the
similar estimates for concentrated forces carried out in [36, 37, 39] and in other
problems solved in the framework of nonlocal elasticity [23, 24].

When β = 2, the problem can be studied in polar coordinates (r, θ). In this
case, the solution of the classical two-dimensional Kelvin problem is written
as [2]:



Point force in a plane in the context of fractional. . . 9

σrr = −(3 + ν)

4πr
F2 sin θ,(3.31)

σθθ =
(1− ν)

4πr
F2 sin θ,(3.32)

σrθ = −(1− ν)

4πr
F2 cos θ.(3.33)

t̄xx

0.00

0.05

0.10

0.15

0.20

0.25

0.0 2.0 4.0 6.0 8.0 10.0 12.0
ȳ

α = 1

classical

α = 0.75

α = 0.5

Fig. 1. Dependence of nonlocal stress component t̄xx on distance ȳ for different values of the
order of fractional derivative α (β = 2).

t̄xx

0.00

0.05

0.10

0.15

0.20

0.25

0.0 2.0 4.0 6.0 8.0 10.0 12.0
ȳ

α = 1

classical

α = 0.75

Fig. 2. Dependence of nonlocal stress component t̄xx on distance ȳ for different values of the
order of fractional derivative α (β = 1).
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t̄xx

0.00

0.05

0.10

0.15

0.20

0.25

0.0 2.0 4.0 6.0 8.0 10.0 12.0
ȳ

τ̄ = 0.25

classical

τ̄ = 0.1

τ̄ = 0.5

Fig. 3. Dependence of nonlocal stress component t̄xx on distance ȳ for different values of the
nonlocality parameter τ̄ (α = 0.5, β = 2).

Table 1. The maximum values of the stress component.

α β τ̄ ȳmax t̄max
xx

0.75 1 0.5 0.8 0.204

0.85 1 0.5 1.1 0.200

1 1 0.5 1.3 0.207

1 2 0.5 4.2 0.113

0.75 2 0.5 2.9 0.147

0.5 2 0.5 2.6 0.142

0.5 2 0.25 2.2 0.169

0.5 2 0.1 1.8 0.212

The method of solving fractional nonlocal elasticity problems in polar co-
ordinates was proposed in [58]. This method is based on representation of the
components of the Laplacian of the stress tensor t(r, θ) in polar coordinates [62]
and splitting a system of couple equations by introducing the auxiliary func-
tions (for details see Appendix B and [58]). Below we present the solution of
the nonlocal two-dimensional Kelvin problem in polar coordinates (the result
corresponding to the solution (3.18)–(3.20) for β = 2):

trr = −F2

8π

∞∫
0

Eα(−aξ2τα)
[
(5 + ν)J1(rξ) + (1 + ν)J3(rξ)

]
dξ sin θ,(3.34)
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tθθ =
F2

8π

∞∫
0

Eα(−aξ2τα)
[
(1− 3ν)J1(rξ) + (1 + ν)J3(rξ)

]
dξ sin θ,(3.35)

trθ = −F2

8π

∞∫
0

Eα(−aξ2τα)
[
(3− ν)J1(rξ)− (1 + ν)J3(rξ)

]
dξ cos θ.(3.36)

3.2. Flamant problem and Cerruti problem

The classical elasticity solution for a point force applied at the origin of the
coordinates normally to the boundary of a half-plane (the Flamant problem)
has the following form [2]:

(3.37) σrr = −2F2

πr
sin θ, σθθ = 0, σrθ = 0.

In this case, the solution of the nonlocal two-dimensional Flamant problem
reads:

trr = −F2

2π

∞∫
0

Eα(−aξ2τα)
[
3J1(rξ) + J3(rξ)

]
dξ sin θ,(3.38)

tθθ = −F2

2π

∞∫
0

Eα(−aξ2τα)
[
J1(rξ)− J3(rξ)

]
dξ sin θ,(3.39)

trθ = −F2

2π

∞∫
0

Eα(−aξ2τα)
[
J1(rξ)− J3(rξ)

]
dξ cos θ.(3.40)

For the point force applied at the origin of the coordinates tangentially to the
boundary of a half-plane (the Cerruti problem), the components of the classical
stress tensor are [2]:

(3.41) σrr = −2F1

πr
cos θ, σθθ = 0, σrθ = 0.

Comparison of Eqs. (3.37) and (3.41) taking into account Eqs. (B.1)–(B.3) from
Appendix B reveals that the solution of the nonlocal two-dimensional Cerruti
problem is expressed by the solution of the Flamant problem (Eqs. (3.38)–(3.40))
with F2 substituted by F1 as well as sin θ substituted by cos θ and vice versa.

Though for the classical solutions of the Flamant and Cerruti problems
σθθ = 0, σrθ = 0, the interesting feature of the nonlocal solution for these prob-
lems is that tθθ 6= 0, trθ 6= 0 and only for the vanishing nonlocality parameter:

(3.42) lim
τ→0+

tθθ = σθθ = 0, lim
τ→0+

trθ = σrθ = 0.
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4. Concluding remarks

We have solved the problem of a concentrated force in an elastic plane us-
ing the fractional nonlocal elasticity theory with the nonlocality kernel being
the fundamental solution to the generalized diffusion equation with the Caputo
derivative of the order 0 < α ≤ 1 with respect to the parameter describing
nonlocality and the Riesz derivative of the order 1 ≤ β ≤ 2 with respect to
the spatial coordinates. The unbounded stress obtained in the solutions of the
corresponding problems of the classical therory of elasticity is a great obstacle
in interpretation of results and in their applications. The main advantage of the
nonlocal theory consists in elimination of nonphysical singularities of solutions.
The solutions obtained within the framework of nonlocal elasticity give the finite
values of stresses which maximum is achived at some distance from the point of
application of a concentrated load and is quite adequate from a physical point
of view. The point of the maximum and the maximum value of stress depend
on the orders of the Caputo and Riesz derivatives.

The solutions of the considered problems were obtained in terms of integrals
with integrands containing the Mittag–Leffler function Eα(z). To evaluate the
Mittag–Leffler function, the algorithm proposed in [63] was used.

Fractional nonlocal elasticity can be useful for better matching the classi-
cal theory of elasticity and the atomic lattice theory as well as for the unified
description of processes at micro-, meso- and macro-levels.

In the future studies, we will extend the obtained results to concentrated
forces in the three-dimensional solid and to other problems of classical elasticity
to eliminate unbounded stresses.

Appendix A

The following integrals are used in the paper. The majority of integrals
are taken from the books by Prudnikov, Brychkov and Marichev [64, 65];
integrals (A.8), (A.10), (A.13), and (A.14) have been evaluated by the authors.
In all the equations it is assumed that p > 0, q > 0,

∞∫
0

1

x2 + p2
cos(qx) dx =

π

2p
e−pq,(A.1)

∞∫
0

x

x2 + p2
sin(qx) dx =

π

2
e−pq,(A.2)

∞∫
0

e−px cos(qx) dx =
p

p2 + q2
,(A.3)
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∞∫
0

e−px sin(qx) dx =
q

p2 + q2
,(A.4)

∞∫
0

x2

(x2 + p2)2
cos(qx) dx =

π

4

1− pq
p

e−pq,(A.5)

∞∫
0

x e−px sin(qx) dx =
2pq

(p2 + q2)2
,(A.6)

1∫
0

sin(p
√

1− x2) cos(qx) dx =
π

2

p√
p2 + q2

J1(
√
p2 + q2),(A.7)

1∫
0

x2 sin(p
√

1− x2) cos(qx) dx(A.8)

=
π

8

p√
p2 + q2

[
J1(
√
p2 + q2) +

p2 − 3q2

p2 + q2
J3(
√
p2 + q2)

]
,

∞∫
0

e−px
2
J1(qx) dx =

1

q

[
1− exp

(
− q

2

4p

)]
,(A.9)

∞∫
0

e−px
2
J3(qx) dx =

1

q

[
1− 8p

q2
+

(
1 +

8p

q2

)
exp

(
− q

2

4p

)]
,(A.10)

∞∫
0

e−px J1(qx) dx =
q√

p2 + q2(p+
√
p2 + q2)

,(A.11)

∞∫
0

e−px J3(qx) dx =
q3√

p2 + q2(p+
√
p2 + q2)3

,(A.12)

∞∫
0

1

x2 + p2
J1(qx) dx =

1

qp2
− 1

p
K1(pq),(A.13)

∞∫
0

1

x2 + p2
J3(qx) dx =

1

qp2
− 8

q3p4
+

1

p
K3(pq),(A.14)

where Jn(z) is the Bessel function of the first kind, Kn(z) is the modified Bessel
function.
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Appendix B

The components of the Laplacian of the symmetric tensor in polar coordi-
nates were derived in [62] and are expressed as:

(∆t)rr = ∆trr −
4

r2
∂trθ
∂θ
− 2

r2
(trr − tθθ),(B.1)

(∆t)θθ = ∆tθθ +
4

r2
∂trθ
∂θ

+
2

r2
(trr − tθθ),(B.2)

(∆t)rθ = ∆trθ −
4

r2
trθ +

2

r2
∂(trr − tθθ)

∂θ
,(B.3)

where

(B.4) ∆tij =
∂2tij
∂r2

+
1

r

∂tij
∂r

+
1

r2
∂2tij
∂θ2

.

If the components of the stress tensor are of the form:

(B.5) trr(r, θ) = Trr(r) sin θ, tθθ(r, θ) = Tθθ(r) sin θ, trθ(r, θ) = Trθ(r) cos θ,

when the system of coupled equations (B.1)–(B.3) can be splitted into indepen-
dent equations by introducing the new functions:

f(r) = Trr(r) + Tθθ(r),(B.6)

g(r) = Trr(r)− Tθθ(r) + 2Trθ(r),(B.7)

h(r) = Trr(r)− Tθθ(r)− 2Trθ(r).(B.8)
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