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THE PERMEATION OF HYDROGEN ATOMS INTO METALLIC STRUCTURES leads to a vari-
ety of unfavorable mechanisms, which result in a reduction in the material’s lifespan
and unpredictable mechanical failures. In this context, the objective of this work is
to model the nonlinear mechanical response of metallic materials as hydrogen dif-
fuses through them. The present investigation is conducted within a fully coupled,
thermodynamically consistent mechanical-diffusion framework that incorporates vis-
coplasticity and damage, and captures the influence of lattice and trapped hydrogen
on the mechanical response. As a case study, the model parameters for Inconel 718
are identified and the results are validated using experimental data from literature.
A parametric study is carried out to examine the interaction between hydrogen con-
centration, loading rate, and mechanical responses, with particular emphasis on the
ductility loss under increased hydrogen exposure. The results provide clear insight
into how hydrogen diffusion interacts with stress, viscoplasticity, and damage, and
they enhance our understanding of how the coupling between hydrogen diffusion
and ductile mechanisms leads to ductility degradation in the material.
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1. Introduction

FOR A CENTURY, FOSSIL FUELS HAVE BEEN THE PRIMARY ENERCY SOURCE
WORLDWIDE, valued for their energy density, affordability, and ease of extrac-
tion. However, this dependence has come at a significant environmental cost, as
fossil fuel combustion is one of the major drivers of escalating carbon emissions,
contributing to the climate crisis. Addressing this pressing issue has spurred
extensive research into alternative energy sources, with the aim of reducing
carbon emissions and mitigating the impacts of global warming. Among these
alternatives, hydrogen has emerged as a promising candidate due to its poten-
tial as a clean and sustainable energy carrier [1H4]. Despite its advantages, the
adoption of hydrogen faces significant challenges, particularly in its storage and
transportation, which must be addressed to realise its full potential as a viable
energy solution.
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The use of hydrogen as a future energy source presents several challenges in
terms of its adaptability, storage and equipment distribution. One of the most
critical challenges is the interaction of hydrogen with materials, which can lead
to premature damage and failure under mechanical loading. This phenomenon
impacts the safe use of hydrogen across the entire supply chain, including stor-
age, transportation, and consumption, in a wide range of industries. For exam-
ple, steel pipelines used to transport hydrogen in various forms, metal storage
tanks employed in the energy sector, superalloy mechanical components in jet
engines within the aerospace industry are all critical applications when hydro-
gen interactions with materials must be carefully considered. An understanding
of the processes and mechanisms of hydrogen embrittlement into the relevant
materials can thus help with generating more precise estimates for maintenance
intervals to improve material durability. To this end, it is therefore crucial to
develop a model predicting the mechanical response and damage coupled with
hydrogen diffusion.

The phenomenon of hydrogen penetration and concentration in solids can be
split into two phases: diffusion and accumulation. First, small hydrogen atoms
penetrate and diffuse into the material through the crystal lattice occupying
defects, such as micro-voids, voids, dislocations. Subsequently, the accumula-
tion of hydrogen atoms leads to hydrogen embrittlement and ultimately crack
formation. Numerous studies in literature investigate the influence of hydrogen
exposure and diffusion in metals, such as reductions in toughness and ductil-
ity [5H7]. There are two primary theories that explain the mechanisms leading
to degradation of material properties: Hydrogen Enhanced Decohesion (HEDE)
and Hydrogen Enhanced Localised Plasticity (HELP). The HEDE mechanism
involves atomic hydrogen within the metal lattice, reducing the cohesive energies
of the metal bonds leading to hydrogen embrittlement [8]. In this regard, L1 and
ZHANG [9] presented a numerical fracture phase-filed model incorporating the
HEDE mechanism and compared the numerical results with experimental data.
They defined a hydrogen concentration-dependent fracture parameter connected
to a damage variable. In the HELP mechanism, atomic hydrogen facilitates dislo-
cation mechanisms and subsequent damage. In this context, Sofronis and Aravas
presented a theoretical model, demonstrating how hydrogen contributes to soft-
ening and localisation of plastic flow and bifurcation in numerical models [10].
They assumed that the initial yield strength depends on hydrogen concentra-
tion, affecting plastic flow. However, hydrogen embrittlement is often a result of
a combination of these mechanisms.

To model material behaviour and damage evolution under hydrogen diffu-
sion, a proper thermodynamic framework is needed. In this context, a suitable
free energy function accounting for the chemical potential induced by hydro-
gen diffusion and concentration must be defined. PODSTRIGACH et al. |11} [12],



A COUPLED MECHANICAL-DIFFUSION MODEL. .. 221

proposed the first thermodynamic framework to model stress-diffusion coupling
which was extended by CAHN and LARCHE [13]. In this regard, VILLANI et al. |14]
developed a thermodynamic basis to model elasto-viscoplastic mechanical
responses coupled with hydrogen diffusion. However, their model did not ac-
count for a damage variable. Furthermore, ANAND [15] introduced a mechanical-
diffusional theory for large elasto-plastic deformations but did not take into
account hydrogen diffusion into the trapping sites and its interaction with plas-
ticity. SOFRONIS and MCMEEKING [16] proposed a model linking elastoplastic
deformation, nonlinear diffusion and hydrogen trapping, which was later ex-
tended to incorporate the lattice-dilatation and the effect of the plastic defor-
mation on trapping sites [17]. Several numerical models based on this framework
have since been developed and reported in the literature [18-20].

Although significant progress has been made in modelling hydrogen diffu-
sion and hydrogen-assisted degradation, some limitations still exist. CHARLES
et al. [19] investigated the effect of transient trapping on hydrogen transport near
a blunting crack tip, with particular emphasis on the redistribution of lattice and
trapped hydrogen concentrations. However, their study mainly focused on hy-
drogen transport and trapping kinetics and did not include a complete viscoplas-
tic damage constitutive framework. DEPRAETERE et al. [20] proposed a fully
coupled continuum damage model for plasticity dominated hydrogen embrittle-
ment mechanisms. Nevertheless, their damage description is based on a Com-
plete Gurson Model (CGM), in which degradation is represented through the
evolution of the void volume fraction. Although this approach is well suited for
porous ductile fracture, the hydrogen effect is not introduced through a thermo-
dynamic framework coupling hydrogen diffusion mechanisms, viscoplastic flow
and ductile damage.

The present work develops a thermodynamically consistent framework for
hydrogen-assisted ductility degradation. The proposed formulation integrates
lattice and trapped hydrogen transport, hydrogen-induced strain, nonlinear
viscoplasticity, and plasticity-driven ductile damage within a unified coupled
mechanical-diffusion model. The model is calibrated and validated using exper-
imental stress—strain data for Inconel 718. It is then applied to 0D material-
point simulations and 3D finite element analyses under uniaxial loading. This
allows the effects of hydrogen concentration, loading rate, stress, and mechanical
boundary conditions on plastic deformation and ductile damage evolution to be
analyzed consistently.

This paper is organized as follows. Section 2 presents the hydrogen diffu-
sion and the associated mechanisms. Section 3 introduces the thermodynami-
cally consistent framework and derives the constitutive laws. In Section 4, the
governing Euler-Lagrange equations are established. Section 5 describes the nu-
merical methodology and its implementation within a finite element framework.
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In Section 6, the model parameters are identified using experimental data for
Inconel 718, and the model is subsequently validated. Section 7 presents a 0D
parametric study to investigate the model response at a material point. Finally,
Section 8 examines a 3D geometry subjected to uniaxial loading and discusses
the corresponding results.

In this study, a specialized notation style is used to distinguish scalars, vec-
tors and tensors. To this end, lower-case symbols in bold represent vectors,
upper-case symbols in bold indicate second-order tensors, upper-case symbols
in black represent fourth-order tensors, and other symbols are considered scalars.
In terms of tensor and vector products, the following notations are used:

A:B= AijBij> (A : B)z] = Aijk:lBkla

(1.1)
(A® B)yju = AijBr, a-b=ab;.

2. Hydrogen concentration

The impact of hydrogen on the evolution of damage in metals can be iden-
tified by measuring variations in hydrogen concentration within the material.
Hydrogen atoms can become concentrated in the material through two pri-
mary mechanisms: (i) Occupying Normal Interstitial Lattice Sites (NILS) as
a result of microstructural features, often referred to as interstitial jumps (C*)
and (ii) through trapping at defect sites, such as dislocations, grain boundaries,
voids, etc. (C'T) [20].

The quantities of C* and CT are respectively the hydrogen concentration
in the lattice and the hydrogen concentration in the trap sites, and are defined
as follows [16, [20]:

(2.1) ct =g pHUNY, 0T = T INT,

where N¥ and NT denote the densities of lattice sites and trapping sites, respec-
tively. The quantities 0% and 6T are the dimensionless fractional occupancies of
lattice and trap sites, respectively, ranging from 0 to 1. They represent the ratio
between the number of occupied sites and the total number of sites. With this
in mind, the total hydrogen concentration, C, is expressed as follows:

= + T H atom/mm®,  and
(2.2) L T

M=cl el = % %, H atom/metal atom (H/M),
where ¢, &, and ¢T the dimensionless total, lattice, and trapped hydrogen

concentrations, respectively, expressed in hydrogen atoms per metal atom.
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For further details, refer to SOFRONIS and MCMEEKING [16]; o!! and Y
values vary depending on the properties of the microstructure. For example, for
a tetrahedral configuration of cubic ferrite, we can assume that S is equal to
6 and if we consider that one trap site corresponds to one interstitial, o = 1.
For austenitic configuration, % is assumed to be 3, with o' = 1. The lattice
metal density, N, is calculated as follows [20]:

NA

(2.3) NY = T

where N2 represents Avogadro’s constant equal to 6.022 x 1023 mol~'. Here,
VM is the molar volume. Dealing with the trapping mechanism, however,
presents greater challenges. The density of trapping sites depends on microstruc-
tural defects. The concentration of hydrogen atoms trapped depends on the
binding energy of the trap. Hydrogen concentration and diffusion may be either
reversible or irreversible. Traps with binding energies above certain values are
considered irreversible, and the hydrogen atoms that are trapped inside can
no longer escape. Experimental methods such as electrochemical permeation
and thermal desorption spectroscopy (TDS) provide valuable insights into trap
binding energy and trapping sites [21} 22].

ORIANTI [23] implied that there is always an equilibrium between the hydro-
gen trapped inside the lattice and reversible traps. Following Oriani’s theory,
reversible traps are assumed to be in thermodynamic equilibrium with intersti-
tial lattice sites. This condition is expressed by the equality of the corresponding
chemical potentials:

(2.4) pt=pt.

For ideal configurational mixing, the chemical potentials can be written as:

L 0 GL
p' = py + R8T In ot )
(2.5)

,LLT = Iu,o + R8T'In GT
T 1-T7)°

Accordingly, Oriani’s theory (Eq. (2.4)) can be expressed as follows:

0T ov AHB
(26) 1—0T_1—0L6Xp<RgT>’

where RS is the gas constant equal to 8.3144 J -mol~! - K—!, and T represents
the absolute temperature. AH® represents the trap’s binding energy, which is
an important parameter for predicting hydrogen diffusion in the material and
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is related to the trap’s ability to hold hydrogen atoms. The binding energy
can be obtained through experimental methods, such as thermal desorption
spectroscopy (TDS) [24]. A high binding energy, greater than 60-70 kJ - mol !,
leads to irreversible traps, which are considered not to be part of the diffusion
mechanism. In the case of a low NILS concentration:

(2.7) ot < 1.

Considering Eq. (2.6) and Eq. (2.1), the following equation is derived:

CLaHNT AHB
T BN exp ()
= . -

1+ giryrexp (G )

(2.8)

Equation (2.8) can be presented also with respect to c* and c':

cloHANT AHB
BHNT oxp(Ger)

1+ Srexp(S8r)

(2.9) cl =

The density of trapping sites, NT, originates from microstructural defects,
such as grain boundaries and dislocations. For microstructural defects, the den-
sities of trapping sites are often considered constant. However, the sites cor-
responding to dislocation defects vary under loading and subsequent plastic
deformation. In this context, KUMNICK and JOHNSON |[7] carried out an exper-
imental study and explored hydrogen trapping in deformed iron. Their obser-
vations enabled them to express the density of trapped dislocations, NT , as a
function of accumulated plastic strain, p, as follows [16]:

(2.10) log NT = 23.26 — 2.33 exp(—5.5p).

This allows us to examine how CT varies as a function of C using the current
model. Considering VM = 6.5 x 107% m3 /mol, g% = 3, of! =1, and T = 298 °K,
the variation of trapped hydrogen concentration relative to lattice hydrogen is
illustrated in Eq. (2.8) shows a 3D representation of the interaction between
CT, C¥ and p. As observed, at higher values of equivalent plastic strain, the
trapped hydrogen concentration increases with greater inclination relative to
the lattice hydrogen concentration. In the following sections, the constitutive
laws are formulated using dimensionless hydrogen concentrations, ¢, ¢&, and ¢T.
This normalization expresses the hydrogen content relative to the density of
lattice sites, providing a physically meaningful measure of hydrogen occupancy
and simplifying the coupling terms in the constitutive laws.
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3. Constitutive laws and thermodynamic background

In order to characterise the thermodynamic behaviour of the material, state
variables are introduced to describe its condition. Two types of state variables
are considered: observable and internal state variables. Observable variables
such as strain, €, are measurable, while internal state variables represent un-
measurable quantities that capture the internal mechanisms of the materials.

In this context, strain, €, is taken as the observable state variable. The ma-
terial exhibits dissipative and irreversible mechanisms, which depend on the
internal state variables. The total strain is expressed as:

(3.1) e=€"+eP+e

where €, €P, and €" are the elastic, viscoplastic, and hydrogen-induced strains,
respectively. Hydrogen induced strain, €", is introduced to account for the lo-
cal volumetric deformation due to hydrogen insertion and the associated lattice
relaxation. It should be noted that this strain must not be interpreted as re-
sulting directly from the physical volume of interstitial hydrogen atoms. The
volumetric effect of hydrogen may also be affected by point defects, particularly
hydrogen stabilized vacancies and hydrogen vacancy complexes [25, 26]. Atom-
istic studies show that hydrogen strongly interacts with vacancies in BCC iron
and promote the stability of H-vacancy clusters [27]. More recent DFT results
have confirmed the role of point defects and tensorial stress effects on hydro-
gen diffusion in BCC iron [28]. Since the present framework does not include
vacancy concentration, vacancy transport, or hydrogen vacancy complex evolu-
tion as additional internal variables, this effect is represented phenomenologi-
cally through an effective relaxation volume, represented as hydrogen induced
strain [29):

VH
- 3yM

where ¢ is the dimensionless lattice hydrogen concentration, c%ef is the ref-
erence dimensionless lattice hydrogen concentration, VM is the molar volume
of the host metal, and VH is an effective relaxation volume. This parameter
should be understood as a chemical expansion coefficient accounting for lo-
cal lattice relaxation. A more detailed description of vacancy assisted swelling
would require additional internal variables describing vacancy density and hy-
drogen vacancy complex formation, which is beyond the scope of the present
study.

When the material is subjected to a hydrogen flux, its behaviour is mod-
elled using a thermodynamic potential (¥). This potential accounts for elasto-
viscoplastic deformation, ductile damage, and hydrogen diffusion. Considering

(3.2) €l (b — oI,

ref
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the hydrogen exposure, the thermodynamic potential is divided into two com-
ponents: the chemical potential (U"™) and the mechanical potential (¥™e°),
as described in |14} 30, 31|

(33) \II — \I/mec + \I/Chm,
with:
1
(3.4) pPee = 5(1 —D)e® : C°: €°
o0 1 N, .
+R™|p+ E(GXP(—bp) -1)]+ gf 2 &,
Efcl  ReT
(3.5) puehm — BT Ly (1= i1 — ),

VM VM

Here, D denotes the damage, which is treated as a scalar internal state variable.
C® denotes the fourth order stiffness tensor. R* and b are scalar hardening
parameters, and £ is the back strain internal state variable.

The state laws can be derived as:

_ vy oy 0% oY
U_p867 _p8D7 o._paEVPJ _pap7
(3.6) ow ow

M:P@, X:p8€7

where x denotes the back stress tensor, and p represents the conjugate state
variable (diffusion potential) of the hydrogen concentration. The expression for
W is derived as:

ov

(3.7) n=PoT
De ReT Ef
= @ o+ W[IH(CL) — IH(CL — 1)} + W

VHt()+RgT1 ct +Ef
= — Ir\o — 11l
3yM VM -1 ReT
%4 RET L Ef
= ——_owd 4 In | —° + .
VM VM -1 ReT
The thermodynamic framework is described using state variables and their
conjugates, as derived in the state laws given in Eq. (3.6). State variables, includ-

ing the observable strain (€) and internal state variables (D, €"P,p, c*, and §&),
are summarised in Table 1.
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TABLE 1. State and conjugate state variables.

State variable . .
Conjugate state variable
Observable | Internal
€ - o
- D -Y
- eP —o
_ D R
_ oL P
- 3 X

Replacing the Helmholtz free energy into the global Clausius-Duhem in-
equality (derived in detail in Appendix A) yields:

D=o:é—p¥ —V-(uj) >0,

Dzu’:é-ﬂ(%f:é—i-ailfp' Vp—i—gl\gD—i—a\P g\z §+8\P >
— V- (uj) =0
—0:é—0:é+0:€P+YD—Rp—x:€—puc® — V- (uj) >0
:0':éVp—l—YD—RP—Xfé_MCL_V'(/Jj)ZO
—0:€P+YD—Rp—x:&—puCt —jVu—puv-(J)>0,

D=c:éP+YD—Rp—x:£—5-Vu>0.

The above inequality represents the simplified Clausius—Duhem inequality,
encapsulating both the first and second laws of thermodynamics within the
framework of the present model. The evolution laws are derived from specific
convex dual potentials: a mechanical dual potential for viscoplasticity, hardening
and damage, and a chemical /diffusion dual potential for hydrogen transport. To
capture the Bauschinger effect (i.e., asymmetrical behaviour of metals), a non-
linear kinematic hardening model is employed [32]. It should be noted that
the kinematic hardening contribution is included to provide a more general
constitutive framework capable of representing the Bauschinger effect. However,
the present study focuses on monotonic tensile loading, and the Bauschinger
effect is not specifically investigated or calibrated in this work. To this end,
non-associative plasticity is used, and the normality laws are derived using the
following convex indicator functions:

(3.9) Fmee = f 4 fx 4 fP,
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with:
_ eQ(U_X) 0 _ Bl .
f—ﬁ—R—R7 fx—4nX~X7
(3.10) . D —~
P=wroeols)

where 7 is the hardening-related material parameter. SP and 8P are the damage-
related parameters. R is the isotropic hardening function defined as [33, |34]:

(3.11) R = R*[1 — exp(—bp)],

where R*° is the hardening-related parameter. By maximising dissipation and
applying Kuhn—Tucker conditions, the evolution laws corresponding to plasticity
and damage are derived as follows:

. [rmec . . [rmec .
p — )\, éVp = aa )\ = AVPA7 _D = aaY )\ = AD)\7
(3.12) ‘ gFmec 7
£=— A= AN
ox

where X is the Lagrange multiplier, and AP, AP and AP are the viscoplastic,
the damage, and the back strain flows, respectively, and are obtained as:

3 o - X' 1 v \#" 3y
13) AP=-— _—__ AP—_— __( APS = AP — Ly
(3.13) 2 eq(o — X)’ (1—D)<SD> ’ 2n X

To incorporate the viscoplastic response, the evolution of A is linked to the yield
function via the following relation:

(3.14) A= (gig) Pvp,

where RYP and PP are the viscoplasticity parameters. For the chemical compo-
nent, a convex dual potential is expressed as follows [14]:

1
(3.15) P = 5L(cL) Vi Vi,

where L(c") denotes the hydrogen mobility tensor. The details of deriving the
evolution laws are provided in Appendix A. Considering the evolution laws,
the hydrogen flux is obtained as:

a(z)chm

1 = — .
(3.16) J v
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Considering isotropic diffusion, the hydrogen mobility is expressed as:

(3.17) L(c") = L(MI = DEvY -1
. T .
Using Eq. (3.7), the gradient of chemical potential is derived as:
ReT yH
(3.18) Vi = W(Vln(cL) — Vin(c" = 1)) + anhyd
RET [/ 1Y) Vb v
VM [(CH> cL—J +VMVU ’

Replacing Eq. (3.15) and Eq. (3.17) into Eq. (3.16) yields:

(3 D;VTMCL(I — I Vpe Vi)

3.19 ) = —
(3.19) J oV
pHyM

= T &1 -c)vp.

Replacing the Eq. (3.18) into the Eq. (3.19), the hydrogen flux, j, is derived as:
Ly H
S e hyd

(3.20) j=-D"|Vc T VoVel.

The constitutive laws, derived in this section, are briefly listed in Table 2, which
are implemented on the numerical model in the following sections. A detailed
presentation of the formulation and the corresponding derivations is provided
in Appendix A.

TABLE 2. Constitutive laws of the elastoplastic model accounted for ductile damage and
’ D
hydrogen exposure. Here, AP = 2 2 and AP = ( 24 )ﬁ , AP = AP — g—:;x,

2 ocd sb
Ly,-H
and A" = V" + V-V

State variables ‘ Conjugate state variable ‘ Evolution laws
Observable:
€ ‘ o= p%—‘i’ ‘ -
Internal:

€'’ —0o = pai—?p P = 61;:eC§\ = AP
¢ x= o3 S
p R=pg p=A

D -Y =p%% D= 282N = AP
i H=pox -

B B j:_ag;‘:“:_DHAH
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x107?

C7 [mol mm™]

F0.8

C” [mol mm™]

0.6

0.4

0.2

0.0

Fic. 1. Variation of trapped hydrogen concentration versus lattice hydrogen concentration,
and plastic deformation.

4. Euler-Lagrange equations

The governing equations are written in weak form. The mechanical weak
form follows from the classical principle of virtual work:

(4.1) /a:V&udV—/fb-6udV—/fs-5udS:0.
Q Q oN

The diffusion weak form is obtained from the hydrogen mass conservation equa-
tion using a weighted-residual formulation:

octt . o
(4.2) / W(Sﬂ —7-Véu |dV + /q opdS =0,
Q o0

where du is the virtual displacement field, du is the scalar test function associ-
ated with the chemical potential field, and ¢° denotes the hydrogen flux on the
boundary. Using the divergence theorem, Eq. (4.1) and Eq. (4.2) are reformu-
lated as:
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(4.3) /v-o—.5udv+/a-n.5uds/fb-audv/fs.audszo,
Q oN Q o0

H
/<aact+V~j)6udv+/j-néde—/qoéudS:O.
Q [2)9] [2)9]

Accordingly, the corresponding governing equations and boundary conditions
are obtained as:

(4.4) V-o+fP=0VzecQwitho-n— f=0 Ve coQ,
H
(4.5) V-j+aact—OVa:GQWithj-n—qo—OV:ceﬁQ,

where Eq. (4.5) represents the mass conservation equation, and the hydrogen
flux, j, can be replaced using the flux-related evolution law, Eq. (3.20) |14, [17]:

aCH H L CLVH hyd

Considering the hydrogen concentration equilibrium between trapped and NILS
sites, Eq. (2.9) is substituted into the Eq. (4.6):

b+ (1 —607)] oct
4. —_—
(47) [ b ] ot
LyH ONT op
— _v.|_pH L, ¢ hyd | | _ T HZLY 9P
v [ <Vc + BT Vo Qo ap ot

5. Numerical implementation

Mass transfer and stress equilibrium equations, along with their associated
boundary conditions constitute a non-linear set of equations. This system is
solved through a finite element computational model. To that end, an implicit
Euler backward scheme is applied to discretise the constitutive equations in time.
To update the internal state variables, an iterative process, known as the “convex
cutting plane”, is employed, which is divided into two steps: i) elastic prediction
and ii) viscoplastic correction/prediction (see Appendix B).

For the elastic prediction, it is assumed that only the elastic mechanism is
active, with no damage or plasticity occurring (J€'® = 0, dp = 6D = 0). As
long as the yield function remains zero or negative, the mechanical responses
stay in the elastic zone (f < 0), and the elastic prediction remains valid. Once
the equivalent stress exceeds the elastic limit, R°, the yield function becomes
positive (f > 0), and the viscoplastic flow is activated. In the second step,
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viscoplastic correction/prediction, all internal variables are taken into account,
and the nullity of the following criterion must be satisfied:

(5.1) PP =p— (gig)m =0.

All discretized equations and the numerical procedure are explained in detail
in Appendix B. In the following section, the model parameters are identified us-
ing experimental data from literature using a home-made 0D solver (for a single
point).

6. Parameters identification and model validation

As previously mentioned, the model can be applied to a wide range of metals.
Here, as a case study, Inconel (nickel-based superalloy) is considered to perform
a parametric study on the mechanical response and damage of metallic struc-
tures in hydrogen-rich environments. To this end, the 0D home-made solver is
developed to identify the model parameters and validate the results using exper-
imental data given by MORETTI et al. [35]. The material chemical composition
is listed in Table 3.

TABLE 3. INCONEL chemical composition [35].

Element Ni Fe Cr Nb Mo Ti Al
Wt. Pct [49.6241.35|17.584+0.49 | 17.184+0.49 | 4.75 +0.20 [ 2.58+0.12|1.08+0.06 | 0.4340.05

Due to the limited experimental database, the identified parameters should
not be interpreted as a unique material parameter set. The kinematic hard-
ening parameters cannot be independently identified from monotonic tensile
tests alone because stress reversal or cyclic tests would be required. The present
parameter set is therefore used as a representative reference response for the sub-
sequent coupled mechanical-diffusion sensitivity analyses. Considering the non-
linear viscoplastic behaviour, experimental data from monotonic tests conducted
at two different loading rates 1 s~! and 0.001 s~' are utilised for model cali-
bration. To this end, the Nelder—-Mead optimisation method is employed. The
Nelder—-Mead method is a heuristic optimisation approach aimed at minimising
the cost function by comparing and sorting function values, without the need
for derivatives. Further details can be found in [36| 37]. The calibration results
are plotted and illustrated in Fig. 2. As observed, the model responses closely
match the experimental data, demonstrating good agreement. The identified
parameters are provided and listed in Table 4.
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Numerical [1 s7']
Numerical [0.001 s7']
—— - 1 -1
400 1 Experimental [1 s7']
— - Experimental [0.001 s™']
300
)
a
=)
172}
g 4
@ 200 PN
4
7
P4
100 | 7
%&
O;/
0 |/
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040

Strain [-]

F1G. 2. Stress-strain curves at 1 s~! and 0.001 s™' and comparison with the
experimental data.

Using the identified parameters given in Table 4, the model mechanical re-
sponse is validated against the experimental data at the loading rate of 0.01 s~
As observed, the numerical results show good agreement with the experimental

TABLE 4. Model parameters identified for INCONEL 718.

Mechanism | Model parameter [unit] | Value

Elasticity v [] 0.30
E [MPa] 1.12 x 10*

Viscoplasticity R° [MPa)] 122.48

PP [] 1.09

R'P [MPal/P™") 24.10

b [ 29.81

R> 124.00
n [MPa] 8.55 x 10°

ME 398.92

Damage B° [ 0.29
SP [MPa] 6.3 x 1073
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——— Numerical
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F1c. 3. Validation of numerical results with experimental data with 0.01 s~! loading rate.

data. It should be noted that the current calibration process does not guaran-
tee a unique and independent identification of all parameters associated with
the different mechanisms in the model. Additional experimental data, including
loading-unloading paths, different hydrogen concentrations, and local measure-
ments of hydrogen distribution would be required to capture all mechanisms.
Therefore, the identified parameter set is used here as a physically consistent ref-
erence calibration, sufficient to establish the baseline mechanical response and
to support the subsequent parametric analyses of hydrogen-assisted ductility
degradation.

7. 0D model sensitivity analysis

This section investigates, at the materialpoint level, how hydrogen affects the
viscoplastic response and ductile damage in the proposed coupled framework. To
this end, a parametric study based on the coupled mechanical-diffusion model is
conducted using a 0D solver developed as a python script through the standard
libraries. A monotonic strain-controlled load along the X-axis, with a strain rate
of 5x107* 571, is applied to the considered single point. Material properties are
assumed to be those of an austenitic nickel-base superalloy, as listed in Table 4.
The hydrogen diffusion model parameters are also provided in Table 5.
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TABLE 5. Hydrogen diffusion parameters for Nickel-based superalloy Inconel 718.

Model parameter [unit] Value
Crop [H/M] 1x107%°
DY [mm? - s7!] 5.3 %1077
o™ [ 1
BT[] 3
AH® [J-mol™] 30x10%
RS [J-mol™* - K™ 8.314
VM [mm?® - mol ™) 6.77x10%
VE [mm?® - mol™?] 2x10°

The evolution of the accumulated plastic strain with respect to time at dif-
ferent lattice hydrogen concentration is plotted in Fig. 4. For all cases, the
material response remains elastic during the initial loading stage, and plastic
deformation initiates after approximately ¢ = 30 s. After the onset of plas-
ticity, p increases with respect to time. However, its magnitude decreases as
the lattice hydrogen concentration increases. This indicates that, within the
present constitutive framework, hydrogen reduces the amount of accumulated

—— 0HM
0.01759 == 1.75x 10" H/M
— 35%x 107 H/M )

:0.0150- cese 525% 107 HM e
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Fic. 4. Evolution of accumulated plastic strain with respect to time at different hydrogen
concentration.
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F1G. 6. Stress-strain curves at different hydrogen concentration with the strain rate of
5x107* s
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viscoplastic deformation under the same loading level. Since the ductile dam-
age evolution is driven by accumulated viscoplastic strain through the evolution
laws given by Eq. (3.12), the reduction of p also decreases the subsequent duc-
tile damage evolution (Fig. 5). In the present framework, embrittlement is ex-
pressed through the loss of ductility, and a more brittle-like mechanical response.
This interpretation is supported by the stress-strain curves shown in Fig. 6.
The stress-strain response is plotted at different hydrogen concentrations under
monotonic strain-controlled loading. As observed, increasing hydrogen concen-
tration increases the yield stress and the overall stress level, indicating a re-
duced tendency for plastic flow and a more brittle-like mechanical response.
However, the material may still be more prone to brittle failure under hydrogen
diffusion, which would require the incorporation of an additional brittle damage
mechanism in future extensions of the model.

In the next section, the developed framework is implemented in a finite
element model to provide a better understanding of hydrogen embrittlement in
3D structures and its influence on viscoplastic deformation and ductile damage.

8. 3D model sensitivity analysis

In this section, the notched plate is considered as a 3D geometry for the para-
metric study under uniaxial loading conditions. The corresponding dimensions,
loading and boundary conditions are shown in Fig. 7. The model parameters
and physical properties are given in Table 4 and Table 5. For the finite element
computation, an 8-node linear brick element is employed to mesh the given
structure in all analyses. The simulations are performed using a finite element
model developed for this study. The discretization scheme, element formulation,
and solution strategy are described in detail in Appendix C.

F1G. 7. Dimensions, loading, and boundary conditions of the notched plate.
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A uniform, monotonic displacement-controlled load of 0.3 mm along the
y-axis is applied to the structure, as shown in Fig. 7, while the displacement
components are set to zero on the opposite side. The initial lattice hydrogen
concentration, c%ef, is assumed to be uniform in the specimen. Hydrogen ingress
is implemented by applying the constant Neumann flux, ¢° on all external sur-
faces, as given in Eq. (4.5), with the sign chosen considering the outward normal
convention. No Dirichlet condition on the lattice hydrogen concentration is im-
posed. The hydrogen flux is maintained at 1x10~" mm - s~!. The analysis is
carried out for different loading rates: i) 1 x 1072 mm-s~%, ii) 5 x 1074 mm-s~!,
and iii) 2.5 x 107* mm - s~!. The distribution of ductile damage, accumulated
plastic strain, and trapped hydrogen concentration are provided in Fig. 8. The
three fields are mainly localized in the vicinity of the notch. The localization is
not perfectly symmetric because one side of the specimen is clamped, while the
opposite side is subjected to the displacement-controlled loading. The mechan-
ical fields are influenced by the global boundary conditions, and the plasticity
driven damage extends from the notch toward the mechanically active zone. The
intensity of the trapped hydrogen concentration field is affected by the loading
rate. At lower loading rates, the longer exposure time allows more hydrogen dif-
fusion and trapping, leading to a higher trapped hydrogen concentration. It is
also observed that the accumulated plastic strain and the ductile damage inten-
sity are more pronounced at lower loading rates. In the present model, at a lower
loading rate, the material has more time to develop viscoplastic deformation

Rate=2.5 x 10~ *mms~! Rate=5 X 10"*mms~! Rate=1x 107® mms~!

D[]

R g

Fia. 8. Hydrogen concentration and damage at different uniaxial loading rates.
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during the loading process. Therefore, for the same final displacement, the ac-
cumulated plastic strain and consequently ductile damage increases. It should
also be noted that the damage variable considered as the ductile damage driven
by accumulated viscoplastic deformation. Therefore, its distribution follows the
plastic strain field rather than a brittle crack-tip fracture process. The trapped
hydrogen concentration exhibits a similar tendency because the density of trap-
ping sites is also governed by the accumulated plastic strain. Hence, regions with
higher plastic deformation promote higher trapped hydrogen concentration.

Figure 9 shows the time evolution of the same fields at a fixed loading rate of
2.5x 1074, As time increases, the ductile damage, the accumulated plastic strain,
and the trapped hydrogen concentration increase in magnitude while remaining
localised around the notch and along the mechanically active zone.

1733601
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Fi1G. 9. Hydrogen concentration and damage under 0.3 mm uniaxial displacement-controlled
load with a rate of 2.5 x 107* mm - s~! over time.

[-] D[]
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Figure 10 illustrates the temporal evolution of the von Mises stress distribu-
tion under a uniaxial displacement-controlled loading condition, with the dis-
placement of 0.225 mm applied at the rate of 2.5 x 107 mm-s~!. At t = 900 s,
the von Mises stress is moderately distributed, with stress concentration mainly
developing around the notch region. By ¢ = 1100 s, the stress field becomes
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t=900s t=1100s

1.2620+02

9.486e+01

6.355e+01

3.223e+01

9.381e-01

F1c. 10. von Mises stress [MPa] distribution under 0.225 mm uniaxial

displacement-controlled load with a rate of 2.5 x 10~* mm - s™'.

more strongly localized near the notch, with increased peak values and sharper
stress gradients. This evolution indicates progressive deformation and stress lo-
calization, which is consistent with the development of plastic flow and damage
accumulation.

9. Conclusions and perspectives

In this study, a fully coupled mechanical-diffusion model was developed
to analyse the mechanical response and ductile damage behaviour of metals
exposed to hydrogen. Grounded in thermodynamic principles, the model inte-
grates a thermodynamic potential that combines both mechanical and chemical
behaviours, allowing for the derivation of state and evolution laws coupling hy-
drogen concentration and mechanical responses. The model was calibrated and
validated against experimental data for the nickel-based superalloy Inconel 718,
showing satisfactory agreement between the numerical predictions and the ex-
perimental stress—strain responses. The developed framework provides a com-
prehensive understanding of the effect of hydrogen concentrations in both lattice
and trapped sites on the growth of the ductile damage.

Through parametric analyses 0D and 3D models under uniaxial loading, we
highlighted a consistent correlation between trapped hydrogen accumulation and
ductile damage and accumulated plasticity, particularly near mechanical stress
concentrators where plastic flow also localizes. Moreover, an increase in lattice
hydrogen content delays the onset of viscoplasticity and reduces the magnitude
of plastic deformation, which subsequently lowers the ductile damage rate be-
cause the ductile damage is explicitly plasticity-driven based on the evolution
laws. This trend reflects the fact that the current model captures hydrogen-
induced ductility loss, while brittle mechanisms associated with hydrogen em-
brittlement are not included in the present framework and can be incorporated
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in future extensions. These results provide a clearer understanding of hydrogen’s
impact on ductile mechanisms and the resulting loss of ductility.

This study focused on the analysis of ductile damage and its interaction
with hydrogen atoms. To obtain a more complete view, a combination of brit-
tle and ductile mechanisms can be taken into account [43| |44]. This exten-
sion would provide a better understanding of the balance between ductile and
brittle mechanisms under hydrogen exposure. Additionally, performing mechan-
ical tests under hydrogen exposure and studying the ductile and brittle be-
haviour of the samples could help identify new mechanisms to enhance the reli-
ability of the model. Moreover, the high damage levels and fracturing of metals
under mechanical loading in hydrogen-rich environments require applying non-
local approaches, such as gradient enhancement or phase-field methods [45-47],
to capture accurate responses, particularly in finite element computations.

The monotonic loading discussed in this paper can be extended to cyclic load-
ing and fatigue analysis, which would better describe the operating environments
for most metal components exposed to hydrogen [48, |49]. Since cyclic analyses
using finite element methods can be computationally expensive, the constitu-
tive laws presented could be replaced by a data-driven framework through the
non-intrusive Proper Generalised Decomposition (PGD) method [50, [51].

Appendix A. Thermodynamic background

A.1. Dissipation inequality

In this appendix, the equations used in the thermodynamic equations are
derived in detail. Since it is necessary to develop the constitutive laws consider-
ing thermodynamic constraints, here, dissipation for an elasto-plastic material
with hydrogen diffusion coupling is derived based on the Clausius—Duhem in-
equality. To this end, the first and second laws of thermodynamics are used
to derive dissipation as a function of the present mechanisms. The first law of
thermodynamics in the rate form is expressed as:

(A1) Pt L Q" =U+ K,

where P®* is the power coming from external forces. Q* is the thermal power.
U and K denote the rate of the internal and kinetic energy, respectively. The
internal energy in domain €2 is derived as:

(A.2) U= /pedV,
Q
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where, in the rate form, it is given by:

(A.3) U= / pedV,
Q

where e denotes the specific internal energy per unit mass. The kinetic energy
is derived as a function of the displacement rate (speed), , as:

(A4) K:/;pu-udv,
Q

where it can be similarly expressed in the rate form as:

(A.5) K= /pu-adv.
Q

Considering the stress equilibrium, above can be expressed as:

(A6) K= [(V-o+F) udV=[(V-(0-i)—0c:Vi+F,-u)dV.
/ /

Using the divergence theorem and Eq. (A.6), the following is derived:

(A7) K:/Fv-qu/Fs-udS—/cr:édV,
Q 0N Q

where the first two terms denote the power related to the external body forces
and surface tractions, and the third term corresponds to the internal power.

The thermal power is obtained through integration of surface heat flux and
internal thermal sources on the domain volume:

(A.8) Q*:/qsd5+/wdv,

o0N Q

where g denotes surface heat flux, and w is the internal heat source. The termal
power can be also derived as:

(A.9) /quS: —/q-ndS.

o0 o0

Using the divergence theorem, the integral on the surface can be reformulated
as a volume integral as:

(A.10) /q-ndS:/V-qu.
09 Q
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Accordingly, the total thermal power is derived as:

(A.11) Q*:—/V-qu+/de.
Q Q
Getting back to Eq. (A.1) and substituting Eqs. (A.11) and (A.7) yields:
(A.12) —/V-qu+/de:—/a:édV—i—/pédV.
Q Q Q Q

Finally, the first law of thermodynamics is derived as:
(A.13) pe=0:€—-V . -q+uw.

The second law of thermodynamics implies that the rate of generated entropy
is equal to or greater than the total thermal power divided by the temperature:

(A.14) ‘(ﬁ > dS+/dV+/ ‘nds.

The entropy can be defined as follows so that both sides can be returned in the
integral form:

(A.15) S:/pst, and S:/psdv.

Substituting Eq. (A.15) into Eq. (A.14) and using the divergence theorem,
Eq. (A.14) is obtained as follows:

(A.16) Q/pst> /v < )dv+/dv+/v (’“)dv

Where it can be reduced to the following inequality:

T . .
. > c + —+ v -+ <; =) —— — ‘7 == > ().

Substituting the internal source energy related power from Eq. (A.13) into
Eq. (A.17) yields:

(A.18) pé+V(;>—V'</g>—;(ﬂé_0'1é+v"ﬂ

-VT J-VT
=psT+V —qT —V~(uj)—'uT—pé+0':é—V-q
-VT j - VT
:p(Té—e)—q -V (1) & +0:€-V.qg>0.

S
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In this step, the Helmholtz free energy is introduced as:
(A.19) UV=e—Ts.

Taking the derivative with respect to time, Eq. (A.19), in the rate form, is
derived as:

(A.20) U=¢—Ts—Ts.

From Eq. (A.20), the term T'$ is replaced into Eq. (A.18):

. . VT . j - VT .
(A.21) p(é—Ts—\I/—é)—qT —V-(ug)—%%—a €E—V.q
. : . -vT . J-vT
:U:G—p(T8+\I/)—q —V-(u])—MT—V-qZO

Equation (A.21) denotes the global dissipation inequality which can be decom-
posed into two parts:

(A.22) D=D"+D">0.

Ignoring the temperature gradient and considering an isothermal condition, the
thermal dissipation is cancelled out:

(A.23) D=o:é—p¥ -V (uJ)>0.

A.2. Dissipation positivity and pseudo potential

To ensure dissipation positivity, a pseudo-potential, ¢, is considered as a non-
negative convex function that is zero at the reference point. The latter conditions
automatically satisfy the positivity of dissipation. This can be simply proved as
follows. The differentiable function, ¢ is convex in the (x1,x2) if and only if:

(A.24) d(x1) > ¢(x2) + Vo(x2) - (T1 — T2).
With this in mind, for ; = 0:
(A.25) V¢($2) . (:Ug) Z ¢($2) Z 0,

where the term V¢(x2) - (x2) can be expressed as dissipation which is thus
non-negative automatically by non-negativity of the pseudo potential, ¢.
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A.3. Dual potential for evolution laws

To ensure that dissipation remains zero or positive, the pseudo-potential, ¢,
is introduced. This pseudo-potential is defined as a non-negative, continuous,
and convex scalar function of the state variable fluxes, which equals zero at the
reference point:

0 ., _ 90 9 L0 g, 09

(A26)  o=5a Y =35 o X7 aé =5

The pseudo-potential (¢) with the above assumptions, inherently ensures the
positivity of dissipation. By applying the Legendre-Fenchel transformation,
a dual potential (¢*) is formulated as a function of the conjugate state vari-
ables. From this dual potential, the fluxes of the internal state variables can be
determined:

¢*(0,X,Y,5) = [¢(¢®,D,p, &, V)",
(A27) ¢"(0Y,R,x,§)= Sup [0:€P+YD-Rp—x:£—j Vpu
P, D,p.EVp o
- (b(evp: Dvpv 57 V/’L)]

The Legendre-Fenchel transformation yields the convex dual potential (¢*)
in an alternative space defined by the conjugate variables. From this dual po-
tential, the evolution laws are derived as:

. o o
do ' oy’ P or’ -

(A.28) &P :

ox’ ‘7:8Vu'

A.4. Evolution laws derivation

Plasticity and damage-related evolution laws are derived through dissipation
and ensure its positivity. To this end, the Principle of Maximum plasticity Dissi-
pation (PMD) can be used with the yield surface constraints. Here, considering
damage introduced by the f” indicative function, the mechanical indicative
function, F™¢° is replaced by the yield surface:

(A.29) AF™eC =, F™ec < and A >0,

where A denotes the Lagrangian multiplier. Considering the above constraints,
the Lagrangian equation is expressed as:

(A.30) L' =YD+ o :€P — Rp+ \F™).
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To maximize the given Lagrangian with respect to the corresponding conjugate
state variables, its gradient is set to zero:

(A.31) ayLv—DHﬁ—o
‘ N oy 7
. of
v_ Vp —_— =
(A.32) OgL" = €P + 25~ =0,
v 2O
(A.33) OpL" = —p+A7% =0,

where yields the evolution laws as follows:

of

A.34 )= A== =)\, €P=XAP D =-)\AP.
(A.34) P=Agp=A € :

For the chemical part of dissipation, a convex dual dissipation potential is in-
troduced as:

1
(A.35) P = 5L((JH) :Vu® Vi,

from which, the hydrogen diffusion flux is derived:

. 8¢Chm
) T
7]

(A.36)

Appendix B. Numerical implementation

An implicit backward Euler scheme is implemented on the governing equa-
tions in order to break down equations to the N time steps, At, and each time
step, the nullity of viscoplastic criterion has to be satisfied:

—1

: foi\"" _Ap

(B'l) ¢n§-1 = < ]%H_ - At with Ap = ppy1 — pa,
vp [ 4+

where the von Mises yield function and stress are discretized as:

. ed(oni1 — Xnt1)
fn+1 - f - 1—D
(B.Q) Optl — (1 — Dn+1)(ce : (€n+1 - GZE&-I)’

2c
Xn+1 = §€n+1 .

— Rpi1 — R,
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B.1. Linearization based on the convex cutting plane

To solve the discretized equation, the convex cutting plane algorithm is used,
in which the gradient of flow, A'P is ignored. Thus, damage and viscoplastic flow
equation variations can be expressed as:

(B.3) 8P = AYPp, 6D = APsp, 8¢ = AP6p.

The numerical implementation is divided into two steps: first, elastic prediction,
and second viscoplastic correction/prediction. At the first step, it is assumed
that the viscoplasticity has not been yet activated. In this case dr = 0, and
consequently d0e'?P = 0 and D = 0, which automatically leads to ¢'P = 0.
At the second step, once the von Mises stress exceeds the yield stress, the yield
function, f, gets larger than zero, which leads to a positive viscoplastic criterion.
In this step, an iterative equation is used to compute dr, through satisfying
nullity of the viscoplastic criterion (¢*P= 0):

(B.4) ¢jf+i§’“+1> — ¢jf+(f + 5P +1 .

From now on, for more simplicity, £ and n indices are ignored. To derive §¢P,
the variations of stress and the yield function are obtained as:

Oo oo oo

(B.5) o = e c0€e+ 875 D+ ﬁéc
where can be expanded as:
(B.6) b = B*: de + B 5p + Bsc,
with
B* = (1 — D)C®, B = —(1-D)C®: A",
(B1) B¢=—-(1-D)C°:H, H-= ?’VVI;I

Similarly, the variation of the yield function is expressed as:

(B.8) O0f =F5: 00+ Fy : 0x + fpop+ fpdD
with

_of _of _of of
(B.g) Fa—80_7 Fx—axv fp— apv fD 8D

Based on Eq. (B.9), 0f can be expressed as:

(B.10)  6f = Fy: (B*: de + B"Sp + BSCF) + Fy : 66 + f,0p + fpAPdp,
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Equation (B.10) can be reformulated as:

(B.11) 5f = BY: §e + B5CY + Biop,

with

(B.12) BY=F,:B* B°=F,:B° B'=F,: B +f+fpAP+F, : A».
The variation of the viscoplastic criterion, d¢"P is derived as:

a¢vp5 VP
of or
Substituting Eq. (B.11) into Eq. (B.13) yields:

(B.13) S¢*P =

f+ ap.

1

(B.14) 6¢"P = Q" (B : §e + B°6C* + Bior) N
with:
fHINTT (Lt sen(f)

1 * — VD - A )
(B.15) =P ( 5o 5B
Equation (B.14) is reorganized as:

(B.16) 66" = Q*BY: e + Q*B°sct + (Q*Bf - A1t> op.

In each time step, the variations of the total strain, de and lattice hydrogen,
§CL concentration are considered zero. Thus, the iterative equation (Eq. (B.4))
is derived as:

1
B.1 P — (B — — )op.
(B.17) o = (005 - 5, )ov

B.2. Tangent operators

To derive tangent moduli, this time, the variation of viscoplastic criterion is
set to zero, and the variations of the total strain and lattice hydrogen concen-
tration are not ignored:

1
(B.18) d¢*? = Q*B? : de + Q*B°dc" + <Q*Bf — At) dp = 0.
Using Eq. (B.18), dp is derived as:
* d * e
(B.19) dp = ___wB : de — QincL.

(B - ) (B - 27)
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Substituting Eq. (B.19) into Eq. (B.6) yields:

O*BY @ B4 O*Be
(B.20) da=<Ba— 2 )'de <

L -2 __B"+ BC)ch
(B - %) (B - %)

From Eq. (B.20), the tangent operators, TZ and Tg are derived as:

Q*B® @ B¢ QO Be b
B.21 T =B*— —— ——_ T8=-——"— __B°{B"
(521 @B - L) T s L)

Similarly, the hydrogen diffusion equation tangent operators can be derived. To
this end, the variation of the hydrogen diffusion equation is expressed as:

(B.22)

Q(CL +cN+ v | =D (v + ﬂVahyd =0
ot RT ‘

Here, the Hydrogen diffusion related tangent operator is obtained as:

(B.23) T8 = —DH.

Appendix C. Finite element governing equation

Here, an 8 node 3D brick element is considered. Shape functions are in-
troduced to simplify the integral calculations. Using the shape functions, the
equivalent displacement of each element can be calculated considering the re-
lated values in the nodes. With this in mind, the element displacement filed, u®,
v°, and w®, and the hydrogen concentration, c are expressed as:

“(a,yy2,1) = zmy, Juslt),

(z,y,2,t) = ZN$y, Jui(t),
(C.1)

®(z,y,2,t) = ZNa:y, 2)w;(t),

My, z,t) = Zny, 7 (1),

where u;, v; and w; are the displacements along X-axis, Y-axis, and Z-axis
at i-th node, respectively, and c{f is the hydrogen concentration at i-th node.
Here, ¢ denotes time, and V; is the shape function corresponding to the i-th
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node. Similarly, considering isoparametric interpolation functions, the global
coordinateﬂ of the geometry are expressed as:

X(z,y,2,t) = ZNJ;y, i(1),
(C.2) Y(z,y,2,t) ZN z,y,2)Y;(t),

Z(z,y,2,t) = ZNJ;y, i(t).

It should be noted that in the isoparametric elements, interpolation and shape
functions are equal. Interpolation functions are derived through Lagrange in-
terpolation functions, which can be defined for an n® nodes element in general
as:

(©3) L) =50 +am), L) =50 +y),  Lue) = 5(1+2%),

2 2
where x; and x; are the x coordinates of nodes, and L; denotes the Lagrange
function at the i-th node. The Lagrange function is derived similarly for Y and
Z axes also. The interpolation functions are obtained through the multiplication
of the interpolation functions based on X, Y, and Z axes. The local coordinates,
x, y and z, for simplicity, varies between —1 and 1. With this in mind, the shape
functions are defined as:
Ni= (-0 49)1-2), No=(-a)1-y)01-2),

Ny=t(l-2)1-g)(1+2), Ni=—(1—a)(1+y)1+2),

(C.4) 8 8

No= (1+0)(149)(1-2), No=L(1+a)(1-y)(1-2),

No= L4 m)(-y)(+2),  Ne= %(1 +2)(1+y)(1+2).

The global coordinate derivatives of the shape functions are derived as follows:
ON; ON; 0x ON; 0y  ON; 0z

X ~ 0r 0X ' Oy 0X ' 0z 90X

ON; ON; 0xr ON; 0y ON; 0z

oY — 9z 9Y | oy 9Y | 9z OY’

aNi 8Ni ox 8NZ' ay 8NZ~ 0z

8z ~ 9r dZ ' By 9Z = 0z 97

1Global coordinates: the values determined at the level of the entire structure. Local coor-
dinates: the coordinates at the element level.

(C.5)
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The local coordinate derivatives of the shape functions are derived as follows:

(C.6)

ON; _ON;0X ON;0Y  ON; 0%

where can be written as:

(C.7)

where J denotes the Jacobian

or  0X Ox ' OY Ox = OZ Oz’
ON; ON;0X ON;0Y ON;0Z
oy  0X 8y oY 6y 07 8y
9z  0X 9z Oy 0z az%
ON; F9X 0Y 9Z7 ( ON;
oz or dx Ox 0X
ON; ox oy oz | | an; ,
oy (| oy Ay dy av (7
ON; 0X 9Y 07 ON;
0z | | 9z 0z 0z | | 07 |

derivatives are derived as:

(C.8)

j:

FOX OY 971
dr 9y Ox
0X oY 07
dy dy y
0X oY 07
| 02 9z 02

Z

=1 =1

ziﬁj o

[ =1 =1

ON;

ON;

0X
ON;

oy
ON;

oz |

Z
Z

=1

matrix, based on which the global coordinate

The strain tensor using the Voigt notation, for a 3D case, based on the infinites-
imal strain theory, is expressed as:

€xx

€2z
Yoy = 26my
Vyz = 2€,,
Vrz = 2€$z

(

ou®
ox
o
Jy
ow*
0z
ou®  ov®
oy + 81‘)
o ow®
0z + 8y>
ou®  ow°
0z + 837)
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ne

,Z} ON, (6:;,3;, 2 ut)
é ON; g:y v:2), 1
R
- g(@NZ(axy,y,z)Ui 0 1 O g;,y, 2) Z(t))
ii; <8N7;gcz,y,z)vi( " ON; (axy,y,z) ¥ ))
2 <8Ni (;Z, 0:2) ) 4 O (ax:; 02, (t)>

Thus, the strain tensor can be derived based on the displacement and derivative
of shape functions as follows:

U1
vy
w1
(ClO) Ee:[Bl...Bi...Bne]
Une
Une
\ Wre J
with
ox
81\71(957@/» Z)
0 ay 0
aNi(xvya Z)
0 0 s
Bi = aNZ(ZU,y,Z) 8N1(1‘,y, Z)
0
oy ox
0 8Ni(513,y72) 8Ni($,y,2)
0z y
ON(z,y,2) 0 ON;(z,y,z2)
L 0z ox .
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Similarly, VCU is derived as:

L) [ONi(z,y,2) ]
L or
02 ONi(z,y, )
(C11) VC¥ = [BY ... B¢ ... BS.]{ ¢ }  with BC = Ty
\ Cne L 0z J

C.1. Stress equilibrium FE implementation

To solve a static mechanical problem, the stress equilibrium considering the
corresponding boundary condition is solved. For an arbitrary domain, as 2 with
the boundary of 9€2. The stress equilibrium in the differential representation can
be presented as:

(C.12) Veo+ fo=0V2xeQ with o -n= f; Vo € 0.

The integral form based on the virtual work principle is expressed as:

(C.13) /0':5uedV—/fb-5udV—/fs-5udS:0.
Q Q o0

The right-hand side vector in the mechanical equation is derived as:
(C.14) rfwz/(BE;C:E—N?fb)dV—/Ninst.

Q o0
Based on the above equations, the mechanical tangent modulus is obtained as:
(C.15) Kt = /(B;f :C: Bj)dV.

Q

C.2. Diffusion equation FE implementation

The integral form of the diffusion equation with a slight variation of the
hydrogen concentration, §C, can be expressed as:

CL + CT(]. — HT) 8CL H TaNT 8])
|4

_pH L cvH hyd _
+V.-|-D"|VC RT Vo dV =0.
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Using the divergence theorem, Eq. (C.16) is expressed as:

L T T L T

cL op Ot
Li/H
— [—DH (VcL i R‘; Vahyd>] -V5CL> av
_pH L cvh hyd L _
+ D" V¢ BT Vo éc” -ndS =0.
a0

Using Eq. (C.17), the following equation is derived:

L, T(1 _poT L T
(C.18) /<5CL(C te -9 ))180 T ockalgr N 1 Op

cL DH ot Op DU ot
L L i hyd L
+ Ve - Vic T Vo Viéc+ | dV
Li/H
= /|:VCL — CR‘;VJhyd] 5ct - nds.

o0

The right-hand side vector, using the shape functions, can be expressed as:

(C.19) r‘?:/<N-[ 1 <CL+CT(1—9T)>80L+QH9T0NT 1 0]1
Q

DH ck ot dp DH ot

LByt VT

Ly/H
: g Vot BF) dv — / N [VCL _Vv Vahyd] -nds.

RT
0

The diffusional tangent modulus is derived as:

H
cC _ C(T) {C cmV hyd 7.
(C.20) KSC = / (Bi Bj - B 52 Vo v NJ> dv.

The hydrostatic, o™, stress is calculated at the element level. At each integra-
tion point, the hydrostatic stress is calculated as:

ne
hyd
(C.21) ovd = Zaz-y Ni(z,y, z).
k=1
Thus, the hydrostatic stress gradient for the element is derived as:

(C.22) Vo =3 " BPo.
k=1
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To include the hydrogen concentration rate, another global matrix, F' is consid-
ered, the concentration-related component is derived as:

(C.23) MEC :/<NDH[<Zk 1 ¢ ]Xk +LCJTV(k1 9T)>]Nj> av
0

k=1Ck

Considering the flux, q°, at the boundaries, the last integral term on the domain
boundary appeared in the FE components as:

(C.24) e = /Niqo.nds.

There is also a term in function of the equivalent plastic strain rate derived as:

ONT 1 op
2 N;otoT—— —=d
(€:25) // dp DH ot v

C.3. Coupled mechanical-diffusional FE equations

The equations discretized and linearized above are written in a coupled form
as following:

ca [ (e [ {8} - (i)}

The above equation is solved using the Newton—Raphson method. To this end
the residual is defined as:

can =[S o] ()

gl () ({2

The iterative equation is derived as follows:

u, ) Uy yy o
.98 n :{ n }—J* o
(©29) i [Tk

with:

(C.29) J = HKOHH K%C]—FAlt[gJVIOCC”
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For numerical stability and implementation simplicity, the present finite element
implementation uses a staggered solution strategy. Therefore, the mechanical
equilibrium equation and the hydrogen diffusion equation are not solved in
a fully monolithic Newton system, and the global tangent blocks are not ex-
plicitly assembled. At each time increment, the diffusion equation is first solved
to update the lattice hydrogen concentration. The mechanical problem is then
solved using the updated hydrogen field, followed by the update of the state
variables at the integration points. Thus, the coupling is introduced through
the sequential update of hydrogen transport, trapping, viscoplasticity, and duc-
tile damage. The numerical stability of the staggered procedure is checked by
monitoring the maximum lattice hydrogen concentration, hydrostatic stress, von
Mises stress, accumulated plastic strain, and damage variable during the simu-
lations.
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