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1. Introduction

FroM THE 60S OF THE LAST CENTURY, NEW THEORIES OF THERMOELASTIC-
ITY BASED on the non-Fourier law began to be proposed and intensively studied.
In particular, because according to Fourier’s classical law, the heat propaga-
tion in the medium occurs at an infinite speed, which is a paradox from the
physical point of view, CATTANEO [1, 2| and VERNOTTE |[3| presented the heat
propagation law by introducing a positive relaxation parameter. On the basis
of this law, LORD and SHULMAN [4] developed the theory of thermoelasticity
(LS thermoelasticity), which is a generalization of B10T’S [5] classical theory of
thermoelasticity based on the Fourier law.

Furthermore, various theories of generalized thermoelasticity were const-
ructed, among which the three theories of GREEN and NAGHDI [6-8| are note-
worthy. These theories are based on an entropy-balance equation and in which
the thermal-displacement variable is introduced. The linear version of the first
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of these theories is identical to the classical theory of thermoelasticity. The sec-
ond theory (GN type II thermoelasticity) is specific and does not involve energy
dissipation, while the third one (GN type III thermoelasticity) proposes a more
general theory. A wide historical information on the non-Fourier law of heat
conduction and the basic results obtained in the generalised thermoelasticity
theories are given in the books by IGNACZAK and OSTOJA-STARZEWSKI |9,
STRAUGHAN [10] and in the review papers by HETNARSKI and IGNACZAK [11],
CHANDRASEKHARAIAH |12} 13|, JOSEPH and PREZI1OSI |14, |15].

Latterly, QUINTANILLA 16| developed a new theory of thermoelasticity based
on the Moore-Gibson—Thompson [17, [18] law of heat propagation (MGT
thermoelasticy), which turned out to be more general than the aforementioned
thermoelasticity theories. For this reason, the theory of MGT thermoelasti-
city has attracted a lot of attention from scientists, and various interesting
and practical problems of this theory are currently being investigated. The
main results obtained in this direction are presented in the series of papers
by BAZARRA et al. |19], FLOREA and BOBE [20]|, JANGID and MUKHOPAD-
HYAY [21], MARIN et al. |22], OSTOJA-STARZEWSKI and (QQUINTANILLA [23],
QUINTANILLA [24], SINGH and MUKHOPADHYAY |25, and the references therein.

On the other hand, since the 40s of the last century, the creation of theo-
ries of porous bodies and their intensive research began. Namely, in the works of
BI1OT [26, 27|, two different theories of poroelasticity are presented. In the first of
which (see [26]), the governing quasi-static equations are written with respect to
the displacement vector and the change of fluid pressure in the pores, and in the
second (see [27]) the dynamic equations of poroelasticity are written with respect
to the displacement vectors for the skeleton of porous material and fluid in the
pore network. Nowadays, these Biot’s poroelasticity theories have been general-
ized to account for various mechanical effects and the structure of multi-porosity
materials. Among them are theories of thermoporoelasticity (or porothermoe-
lasticity) based on Fourier’s law. The main results obtained in these theories
and an extensive review of the literature are presented in the monographs by
CHENG 28|, ICHIKAWA and SELVADURALI [29|, SELVADURAI and SUVOROV [30)],
STRAUGHAN |31} 32|, SVANADZE [33]| and WANG [34].

Recently, SVANADZE [35] has proposed the linear model of MGT thermo-
poroelasticity and the governing equations of motion and steady vibrations are
introduced. On the one hand, this model is a natural extension of MGT thermoe-
lasticity (see [16]) for porous materials based on Darcy’s law of fluid flow, and
on the other hand, it is also a natural generalization of Biot’s [26] poroelasticity
theory using the MGT law of heat conduction. In addition, in the paper [35],
the uniqueness theorems for classical solutions of the BVPs of steady vibrations
in the theory of MGT thermoporoelaticity are proved.
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The aim of this paper is to prove the existence theorems for the classical so-
lutions of the basic BVPs of steady vibrations in the MGT thermoporoelasticity
theory |35] using the potential method (boundary integral equations method).

This work is articulated as follows. In Section 2, the governing field equa-
tions of steady vibrations of the MGT thermoporoelasticity theory are given.
The different specific cases of the constitutive parameters are discussed and the
systems of steady vibrations in the following 5 theories are established: the clas-
sical thermoporoelasticity, Lord—Shulman thermoporoelasticity, Green—Naghdi
types II and III thermoporoelasticity, and Moore—Gibson—Thompson thermo-
poroelasticity. In Section 3, the fundamental solution of the system of steady
vibration equations is constructed explicitly by means of elementary functions
and its basic properties are established. In Sections 4 and 5, the basic internal
and external BVPs are formulated and the formula of integral representation
of regular vectors is obtained. In Section 6, the surface and volume potentials
are introduced and their basic properties are given. Then, some helpful singular
integral operators are defined for which the symbolic determinants and indexes
are calculated. In Section 7, the BVPs of steady vibrations are reduced to the
equivalent singular integral equations and the existence theorems for classical
solutions of these BVPs in the foregoing 5 theories of thermoporoelasticity are
proved with the help of the potential method and the theory of singular integral
equations. The paper ends with a conclusion section. In addition, since the proof
of existence theorems requires uniqueness theorems, the paper is accompanied
by Appendix, where these theorems are given.

2. Basic equations

Let x = (21,72, 23) be a point of the Euclidean three-dimensional space R3.
In what follows we consider a porous material that occupies the region  of R3,
the skeleton of which is an isotropic and homogeneous elastic solid, and the pores
are filled with a fluid.

We assume that repeated indices are summed over the range (1,2,3) and
subscripts preceded by a comma denote partial differentiation with respect to
the corresponding Cartesian coordinate. Subsequently, vectors and matrices are
marked with bold letters.

Let u(x) be the displacement vector in solid, u = (uy,u2,us), p(x) is the
change of the fluid pressure from the reference configuration, §(x) is the temper-
ature measured from some constant absolute temperature Ty (> 0), and 9(x) is
the thermal displacement variable.

Following Svanadze [35|, the governing system of field equations of steady
vibrations in the theory of MGT thermoporoelasticity is composed of the next
six sets of equations:
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1. Constitutive equations:

ti; = 2ue; + Aepp0y — (Bp + €6)dy;,

(2.1) )
pn=cl+ee +yp, 1,j=1,2,3,

where t;; is the component of the total stress tensor, p (> 0) is the reference
mass density of the skeleton, 7 is the entropy per unit mass, A and p are the
Lamé constants, § is the effective stress parameter, ¢ is the thermal expansion
coefficient, ¢ (> 0) is the thermal capacity, 7 is the constitutive thermal constant
of the porous material, d;; is the Kronecker delta, e;; is the component of the
strain tensor and is defined by

(22) e = %(UZJ + ’LL]'J).
2. FEquation of steady vibrations:
(2.3) tij + ptu = —pF, 1=1,2,3,

where F = (F1,Fa,F3) is the body force per unit mass and w(> 0) is the
oscillation frequency.
3. Equation of fluid mass conservation:

(2.4) vj; —w(ap + Bej; +~v6) =0,

where 7 is the imaginary unit, v = (v1, ve,v3) and « are the fluid flux vector and
the compressibility of the pore network, respectively.
4. Darcy’s law:

Ko
(2.5) v = —ﬁvp —p1s),

where i/ is the fluid viscosity, k¢ is the macroscopic intrinsic permeability asso-
ciated with the pore network, p; (> 0) is the density of fluid, s’ = (s, s, s5)
is the external force (such as gravity) for the pore network, V is the gradient
operator.

5. Heat transfer equation:

(2.6) divq = iwThpn — ps,

where q = (¢1, g2, q3) is the heat flux vector and s is the heat source.
6. MGT law of heat conduction:
In the steady vibrations case, we can write this law in the following form:

(2.7) (1 - in)ql = —(k*ﬁyl + le), [=1,2,3,

where £* (> 0) is the conductivity rate parameter, & (> 0) is the thermal con-
ductivity, and 7 (> 0) is the relaxation parameter. Moreover, if we take into
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account the following relationship between heat displacement and temperature
change
—iwd =0,

we get from (2.7)
(2.8) (w27' + iw)ql = koe’l,

where kg = k* — iwk.

Substituting Egs. (2.1), (2.2), (2.5) and (2.8) into (2.3), (2.4) and (2.6), we
obtain the following system of equations of steady vibrations in the linear the-
ory of MGT thermoporoelasticity expressed in terms of the displacement vector
field u, the change of pressure p of fluid in the pore network and the change of
temperature 6 of the porous material [35]:

(pA + pw?)u+ (A + p)Vdivu — fVp — eVO = —pF,
(2.9) (kA + ' )p+ B/ diva++'0 = —py divs/,
(koA + me) + me divu + myp = (W?T + iw)ps,

where A is the Laplacian operator, xk = %(> 0), the physical constant & is called
the coefficient of permeability of the porous material (see BroT [26]), and

o =iwa, B =iwB, A =iwy, m=Tw*(1—iwr).

Now let us consider those special cases of parameters k, k* and 7 that give us
different thermoporoelasticity theories. Obviously, by changing these parameters,
only the last equation of the system (2.9) will change. We have the following
5 cases:

1. If * =7 =0 and k > 0, then from the last equation of (2.9) it follows
that

kAO + iwTh(cl + e divu + yp) = —ps.

Consequently, in this case from (2.9) we get the system of equations of thermo-
poroelasticity based on the Fourier classical law of heat conduction. That is why
we call this theory as the classical thermoporoelasticity.

2. If k* =0, k>0 and 7 > 0, then the last equation of (2.9) is replaced by

EAG + iwTp(1 — iwT)(cl + e divu + vp) = (iwt — 1)ps.

Clearly, we get the system of equations of thermoporoelasticity based on the
Cattaneo—Vernotte law of heat conduction (see [1-3]). Obviously, this system
of equations is the extension of Lord—Shulman [4] equations of thermoelasticity
for porous materials. Because of this we call this theory as the LS thermoporo-
elasticity.
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3. If k* > 0 and k = 7k*, then the last equation of (2.9) now reduces to
E*AGO 4+ mq(ch + edivu + vp) = —iwps,

where m; = Tyw?. In this case from (2.9) we obtain the system of equations of
thermoporoelasticity based on the Green—Naghdi type II heat conduction. We
call this theory as the GN type II thermoporoelasticity.

4. If 7 =0, k > 0 and k* > 0, then the last equation of (2.9) can be
expressed as

koAO + mq(ch + edivu + vp) = iwps.
In this case, we have the system of equations of thermoporoelasticity based on
the Green—Naghdi type III heat conduction. That’s why we call this theory as
the GN type III thermoporoelasticity.

5.1 k* > 0,7 >0, and k — 7k* > 0, then we have the system (2.9) of the
MGT thermoporoelasticity.

The purpose of this article is to prove the existence theorems of the classical
solutions of the basic BVPs of steady vibrations for the foregoing 5 theories
of thermoporoelasticity using the potentials method. For this, it is necessary:
(a) to construct the fundamental solution of the system (2.9) and the potentials,
and to determine their properties; (b) to reduce the BVPs to the corresponding
singular integral equations, and (c) to establish the solvability of these equations.
These issues are studied in the next sections.

3. Fundamental solution

In this section the fundamental solution of the system (2.9) is constructed
explicitly by means of elementary functions and its basic properties are estab-
lished.

In what follows we assume that g > 0, 3A + 2 > 0, kg # 0. We introduce
the matrix differential operator A(Dx) = (A;;(Dx))s5x5, where:

2
A(Dy) = (A4;;(Dx))sx5,  Aii(Dx) = (1A + pw?)dy; + (A + p) =———,
8:618903-
0 0 0
Ay (Dy) = —pB— Aps(Dy) = —e—, Ayu(Dy) =5 —,
14(Dx) Baxl’ 15(Dx) 5(%[ 4(Dx) =7 o
0
Au(Dx) =rA+d/,  Ai(Dx) =9, Au(Dx) = e As4(Dx) = my,

o o 0

Ass5(Dy) = koA , Dy=—,——], Lj=1,23.
55(Dx) 0A +mc <8x1 O 8x3> J

Obviously, we can rewrite the system (2.9) in the form

(3.1) A(Dx) U(x) = F(x),
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where U = (u,p,0) and F = (—pF, —p; divs’, (w?T +iw)ps) are five-component
vector functions, and x € 2.

DEFINITION 1. The fundamental solution of the system (2.9) (the fundamen-

tal matrix of the operator A(Dy)) is the matrix I'(x) = (I';;(x))sx5 satisfying
the equation

A(Dy)T(x) = 6(x)J

in the class of generalized functions, where 0(x) is the Dirac delta, J = (;j)5x5
is the unit matrix, and x € R3.

Let B(Dy) be the following matrix differential operator

oA + pw?  —BA —eA
B(DX) = (Blj(DX))3><3 = 5/ KA 4o/ 7, )
me my koA 4+ mc

3x3

where pg = A + 2u. We introduce the notation

3
A(A) = uoiko det B(A) = [[(A +¢2),

j=1

where (2, (3 and (3 are the roots of the equation Aj(—¢) = 0 (with respect to £).
We assume that the values (3, (2, (3 and (4 are distinct, Im¢{; > 0 for negative
or complex number ¢? and ¢; > 0 for ¢ > 0 (I = 1,2,3). Here (4 = \/pw?p~1.
Now we introduce the matrix differential operator L(Dx) = (L;;(Dx))sx5 as
follows:

1 0? 0
Lij;(Dy) = ;Al(A) &5 + ml(A)axla%’ r(Dx) = nl;r—Q(A)%a
3.2 0
( ) Lrl(Dx) = nT*Q;l(A)ﬁTvl’ Lr4(Dx) = ner;Z(A)a
LT’5(DX) - n?“—?;?)(A)? lvj == 17 27 3) r= 47 57
where
1 * * *
ni(A) = — o (A ) BR (A) + B'Bjy(A) +meBjs(A)],
HHoRRO
1 . B .
n;(A) = MBU(A)’ 1=1,2,3,7=2,3,

and Bl*j is the cofactor of the element Bj; of the matrix B.
It is not difficult to prove the following identity by direct calculations

(3-3) A(Dy)L(Dx) = A(A),
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where:

(A)
A11(A) = Aga(A) = Ag3(A) = A (A) (A + &),
(A)

Al](A) 0, l#]? laj:1727"'75'
In our further analysis we need the matrix Y (x) = (¥},(x))5x5, where:
Yi1(x) = Yao(x) = Y33(x Zﬁz 79 (x)

(3.4)
Yia(x) = Yas(x Z vV

Y- (x) =0, l#r, ILLr=1,2,...,5.

Here we used the following notation

iGr x|
M x) = _ &
and
3 4
mj = H (C?_Cjz)_la n2r = H (C?_Cg)_lv j:172737 7'21,2,3,4.
1=1,1#j =1, l#r

Obviously, Y (x) is the fundamental matrix of the operator A(A), i.e.,
(3.6) A(A)Y (x) = d(x)J.
Let us introduce the notation
(3.7) I(x) = L(Dy) Y (x).
On the basis of the relations (3.3) and (3.6) we get
A(DLT(x) = A(Dy)L(DL)Y(x) = A(A)Y (x) = 5(x)J.

Hence, I'(x) is the fundamental matrix of the operator A(Dx). Consequently,
we have the following theorem.

THEOREM 1. The matriz T'(x) is the fundamental solution of the system (2.9),
where the matrices L(Dx) and Y (x) are given by (3.2) and (3.4), respectively.

Clearly, the matrix I'(x) is constructed explicitly by 4 metaharmonic func-
tions v(") (r =1,2,3,4) (see (3.5)).
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Theorem 1 leads to the following basic properties of the fundamental solu-
tion I'(x).

THEOREM 2. Fach column of the matriz I'(x) is a solution of the homoge-
neous equation A(Dy)U(x) = 0 at every point except the origin of R3.

THEOREM 3. The fundamental solution of the system

pAu+ (A4 p) Vdiva =0,
kAp =0, koAB =0

is the matriz W(x) = (V1;(x))s5x5, where:

Oy T1X 5 1 1
\Illj(x) = )\/ ‘ J’ :U“/ ’l |J \1144()() = ;7(0) (X)7 \1155()() = kiofy(O) (X)7
Ui (x) = Wy (x) = Wus(x) = Usa(x) = 0,
1
’Y(O)(X):_77 )‘/:_ﬂa MI:_)\+M’ l,j:1,2,3, T:4,5.
47 |x]| 8T ufo 8T upo

Obviously, Theorems 1 and 3 imply the following results.

THEOREM 4. The relations
(3.8) Uy(x) = O(x|™"),  Wu(x) =O(x[7"),  ¥ss(x) =O(x|™)

and
[yj(x) = O(Ix|™"),  Taa(x) =O(x|™"),  Tss(x) = O(x|™"),
[p(x) =0(1), Tux)=0(1), T(x)=0(1), TIs(x)=0(1)
hold in the neighborhood of the origin of R3, where l,j = 1,2,3, r = 4,5.
THEOREM 5. The relations
(3.9) [y5(5) — Wy5(x) = const + O([x])

hold in the neighborhood of the origin of R®, where 1,5 =1,2,...,5.

Thus, employing (3.8) and (3.9), the matrix W (x) is the singular part of the
fundamental solution I' (x) in the neighborhood of the origin.

4. Boundary value problems

Let S be the closed surface surrounding the finite domain QT inR3, S e C?V,
0<v<1,0F=0"US, Q" =R3\QF; n(z) is the external unit normal vector
to S at z.
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DEFINITION 2 (see [35]). A vector function U = (u,p,0) = (Uy,Us,--- ,Us)
is called regular in Q~ (or Q1) if

(i) Uy € C2(Q7) N CL@7) (or Uy € C2(QF) N CLOF)),
(i) U=, 0, o e cr@m)not (@),
(iii) (A + U (x) = 0 and

9 ; ] 1G5 |x -
(4.1) ((9]x| - ij> Ul(])(x) = eSilo(|x|7Y)  for x| > 1,

where UY =0, 7 =1,2,3,4,1=1,2,...,5, r = 4,5.
Obviously, the relation (4.1) implies (for details seeVEKUA [36])
(4.2) U (x) = ¢SHO(x|7)  for |x| > 1,

where j =1,2,3,4,1=1,2,...,5.

Relations (4.1) and (4.2) are the radiation conditions in the theory of MGT
thermoporoelasticity.

In the sequel, we use the matrix differential operator

R(Dy,n) = (R;j(Dx,n))s5x5,

where
0 0 0
Rij(Dx,m) = pdyj5 -~ + G g T /\nzaij, Ris(Dx,n) = —Bny,
4.3 0 0
( ) Rl5(DX7 n) = —&ny, R44(DX7 n) = K/ain7 R55(Dx7 n) = k0%7

R4j(DX)n) — R45(Dxan) — R5j(DX)n) - R54(Dxan) = 07 la] = ]-a 2537

and 0/0n is the derivative along the vector n.

The basic internal and external BVPs of steady vibrations in the linear theory
of MGT thermoporoelasticity are formulated as follows.

Find a regular (classical) solution to (3.1) for x € Q7 satisfying the boundary
condition

(4.4) lim U(x)={U(z)}" = f(z)

Qtox—zelS

in the internal Problem (I) ¢,

(45 lim  R(Dxn()U(x) = {R(D;n(z)U()} " = f(2)

in the internal Problem (I1 );Ef, where F and f are prescribed five-component
vector functions.
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Find a regular (classical) solution to (3.1) for x € 2~ satisfying the boundary
condition

(4.6) lim U(x)={U(z)}  =1(z)

O~ >5x—z€eS

in the external Problem (I)g ¢,

(4.7) lim R(Dx,n(z))U(x) = {R(D,,n(z))U(z)} =f(2)
Q—>x—z€ES

in the external Problem (I1 )E,f’ where F and f are prescribed five-component

vector functions, supp F is a finite domain in Q7.

The uniqueness theorems for classical solutions of the BVPs (I )iff and (I1 )ijf
in the aforementioned 5 theories of thermoporoelasticity are proved by SVA-
NADZE [35]. We need these theorems in the proof of existence theorems (see
Section 6), which is why they are given in Appendix.

5. Integral representation of regular vectors

In this section the formula of the integral representation of regular five-
component vector functions is established which help us to determine the struc-
ture of surface and volume potentials.

Let A(Dy) = (4;;(Dx))sxs5 be the associate operator of A (Dy), i.c. A(Dy) =
AT(—Dy), where AT is the transpose of the matrix A. Let U = (u,p,0)
= (U1, Us,...,Us), the vector ﬁj is the j-th column of the matrix U = (ﬁlj)5><5.

It is not difficult to prove the following theorem by direct calculations.

THEOREM 6. If U and ﬁj (j =1,2,---,5) are regular vectors in QF, then
(5.1) /{[A(Dy)ﬁ(Y)]TU(Y) —[U(y)]"A(Dy)U(y)} dy

= /{[R(Dz, n)U(z)]"U(z) — [U(z)] "R(D,, n)U(z)} d,S,
S

where the operator R(Dy,n) is given by (4.3) and the operator R(Dy,n) is
defined as
R(Dx,n) = (R;;(Dx,n))s5x5, Rij(Dx,n) = R;j(Dx,n),
(52) Rl4(DX7 n) = _Blnla Rl5(DX7 n) = —meny, R47’(DX7 n) — R47’(DX7 n)?
Rs.(Dy,n) = Rs5,(Dy,n), 1,j=1,2,3, r=1,2,...,5.
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Theorem 6 and the radiation conditions (4.1) and (4.2) lead to the following
result.

THEOREM 7. If U and ij (j =1,2,...,5) are regular vectors in )~ , then
(5.3) /{[A(Dy)ﬁ(Y)]TU(Y) —[U(y)]"A(Dy)U(y)} dy

=— /{[R(Dz,n)fj(z)}TU(z) - [ﬁ(z)]TR(Dz,n)U(z)} d,S.
S

The formulas (5.1) and (5.3) are Green’s second identities in the theory of
MGT thermoporoelasticity for domains Q% and Q7 respectively.

Let T'(x) be the fundamental martix of the operator A (Dy). Obviously, the
matrix I'(x) satisfies the following condition

(5.4) fi(x) =TT (),
where the matrix I'(x) is the fundamental matrix of the operator A(Dx) and
defined by (3.7).

THEOREM 8. If U is a reqular vector in QT , then

(5.5)  U(x)= / {[R(D,,n)T7 (x — 2)]TU(z) - T(x — 2) R(D,,n)U(z) } d,S

+ / I'x—y)ADy)U(y)dy forxeQ".
O+

Proof. Let B(x,s) and S(x,<) be the open ball and sphere of radius ¢ and
center x, respectively, where x € QF. Pick ¢ > 0 such that B(x,s) C Q7.
Applying the formula (5.1) in the domain Q+\B(x, ) with U(y) = ['(y — x) we
get

(5.6) | {ADE - "U) - [E(y - x)]TAD,)U() } dy
QT\B(x,5)
_ /{[R(Dz, )z — x)|TU(z) - [F(z — x)] T R(D,,0)U(2)} 4,5
S
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Here, in the third integral of (5.6), n(z) is the external (with respect to S(x,¢))
unit normal vector to S(x,¢) for z € S(x,¢).

Letting ¢ — 0, from (5.6) we obtain the relation (5.5) by using (5.4) and the
basic properties of the fundamental solution I'(x). O

In a similar way, by virtue of the radiation conditions (4.1) and (4.2), from

(5.3) we obtain the following result.

THEOREM 9. If U is a regular vector in Q~, then
(5.7) U(x) =
- /{[R(Dz, n)I'"(x —2)]'U(z) - I'(x — z) R(D,,n)U(z)} d,S
S

+ / I'x—y)AD,)U(y)dy forxeQ .
G-
The formulas (5.5) and (5.7) are the integral representations of regular vectors
(Green’s third identities) in the theory of MGT thermoporoelasticity for domains
QT and Q~, respectively.

6. Potentials and singular integral operators

In this section, the surface (single-layer and double-layer) and volume poten-
tials are introduced and their basic properties are established. Then, some useful
singular integral operators are studied.

The basic definitions in the theory of singular integral equations (a normal
type singular integral operator, the symbol and the index of operator, Noether’s
theorems for the singular integral equations, etc.) are given in the books by
KUPRADZE et al. |37] and MIKHLIN [38].

Let us introduce the notation:

(i) zM(x,g) = /I‘(x —y)g(y)dyS is the single-layer potential,
S
(ii) Z? (x,g) = /[R(Dy, n(y))T" (x —y)] g(y)dyS is the double-layer poten-

S
tial, and

(iii) yAR (x,,0F) = /I‘(x —y)¢(y)dy is the volume potential,

O=*
where I'(x) is the fundamental matrix of the operator A(Dx), g and ¢ are
five-component vector functions, the matrix differential operator R is defined
by (5.2).
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It is worth noting that, in view of Theorems 8 and 9, a regular vector is
represented by the foregoing three potentials as:

U(x) = ~ZO(x,RU) + 2@ (x,U) + 2O (x, AU, Q%) for x € QF,
U(x) = ZW(x,RU) — Z?(x,U) + ZO(x, AU, Q")  forxe Q.

On the basis of the properties of the fundamental solution I'(x) it is not very
difficult to prove the following theorems.

THEOREM 10. If S € ™t g e C™'(S), 0 < v < v < 1, and r is
a non-negative integer, then:

(a) ZW (-, g) € CO(R?) N O+ (QF) N C=(QF),
(b) A(Dx) Z"(x,g) =0,
(c)

61)  {R(D,n() 2V 8)} = 7 8(2) + R(D,.n() 20 (),

(d) R(Dy,n(2)) Z(z, g)
is a singular integral, where z € S, x € QF.
THEOREM 11. If S € C"t17 g e C™'(S), 0 < v’ < v <1, then:
(a) ZO(.,g) € O™ (OF) N C(O*),
(b) A(Dx) Z?(x,) = 0,
()

(62) (200, )}* =+ g(s) + 2% (2,8)

for the non-negative integer r,
(d) ZP?)(z,g) is a singular integral, where z € S,

(¢) {R(Dz,n(2) 2% (2,8)}* = {R(Dy,n(2)) 2 (z,8)} ",
for the natural number r, where z € S, x € QF.

THEOREM 12. If S € C, ¢ € COV'(Q1), 0 < v/ < v < 1, then:
(a) ZO)(-, 6, 2%) € CV (R?) N C2(QH) N C2 (),
(b) A(Dx) 2%(x, 6, 27) = $(x),
where x € O, QF is a domain in R® and Qia“ cQr.

THEOREM 13. If S € OV, suppp = Q C Q~, p € CO'(Q7), 0<v/ < v<1,
then:
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(a) ZO) (-, $,97) € OV (R%) N C2(Q7) N €2 (),
(b) A(DX) Z(3) (X7 ¢7 Qi) = (j)(X),
where x € Q~, Q is a finite domain in R? and ﬁ c Q.

Let us introduce the following matrix singular integral operators:

KV g(z) = S gl2) + 205, 8),
K@ g(z) = — g(z) + R(D,,n(2))2) (2, ),
(63) KOg(a) = — 8(s) + 20 (s, )
KOg(s) = | g(z) + R(D, n())2" (s, g).
Ku(2) = 5 8(2) + X 20(a,)

for z € S, where x is a complex number. The symbol of the operator KO
(j = 1,2,3,4) we denote by YU) = (TEJ))5X5. It is not difficult to obtain the

m

following result from (6.3) (for details, see, KUPRADZE et al. [37], p. 357)

(6.4)  det YV = —det Y = —det Y = det YW

(-3) [tam 1] St o

2

Therefore, the operator KU) is of the normal type, where j = 1,2, 3, 4.
Let X, and ind Ky, be the symbol and the index of the integral operator Ky,
respectively. It is easily verified that

5 2.2 2 2.9
det Ty — [ — 1 X |l (A 207 ey
2) (A +2u)2 32(\ + 2p)2

and det ¥, = 0 only at two points x1 and x2 of the complex plane. In view of
the relation (6.4) and det X1 = det Y we can write x; #1 (j = 1,2) and
consequently,

ind K1 = ind KV = ind Koy = 0.

In a similar way we obtain ind K = —ind K®) =0 and ind K®* = —ind K1) =0.
Therefore, the operator KU) (j = 1,2,3,4) is of the normal type with an
index equal to zero, and consequently, we have the following result.

THEOREM 14. Noether’s theorems are valid for the singular integral opera-
tor KW, where j = 1,2,3, 4.
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7. Existence theorems

Now we are ready to prove the existence theorems of classical solutions of
the BVPs (I)iE’f and (Il)ﬁf using the potential method. Note first that by
Theorems 12 and 13 the volume potential Z®) (x, F, QF) is a regular particular
solution of (3.1), where F € C%'(Q*), 0 </ <1 and supp F is a finite domain
in Q7. Therefore, further we consider problems (I )oi,f and (IT )Oi’f, and we prove
the existence theorems of a regular (classical) solution of these BVPs.

In addition, as we know (see Appendix), the uniqueness theorems in the GN
type II thermoporoelasticity and the other 4 theories of thermoporoelasticity are
essentially different, so we consider the following cases separately: 1) k—7k* > 0
and 2) k — 7k* =0, k* > 0.

1) Let

(7.1) kE—T1E* > 0.

Problem (I )(J)rf. We assume that w is not an eigenfrequency of the internal

BVP (I )3 o (see Theorem Al). We seek a regular solution to this problem in the
form of the double-layer potential

(7.2) Ux) =2 (x,g) forxeQt,

where g is the required five-component vector function.
Obviously, by Theorem 11 the vector function U is a solution of the homo-
geneous equation

(7.3) A(D)U(x) =0

for x € Q. Keeping in mind the boundary condition (4.4) and using (6.2),
from (7.2) we obtain, for determining the unknown vector g, a singular integral
equation

(7.4) KM g(z)=f(z) forzelb.

We prove that Eq. (7.4) is always solvable for an arbitrary vector f.
Let us consider the associate homogeneous equation

(7.5) K®h(z)=0 forzelb,

where h is the required five-component vector function. Now we prove that (7.5)
has only the trivial solution.
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Indeed, let hy be a solution of the homogeneous equation (7.5). On the basis
of Theorem 10 and Eq. (7.5) the vector function V(x) = Z()(x,h,) is a regu-
lar solution of the external homogeneous BVP (I1)g 4. Using Theorem A3, the
problem (I1)g o has only the trivial solution, that is

(7.6) V(x)=0 forxeQ .
On the other hand, by Theorem 10 and (7.6) we get
(7.7) {(V(z)}t ={V(z)}” =0 forzes,

i.e., on the basis of Theorem 10 the vector V(x) is a regular solution of prob-
lem (1 )ao. Using Theorem Al and the assumption that w is not an eigenfre-
quency of the BVP (1 )(J{ o, the problem (I )[{0 has only the trivial solution, that is

(7.8) V(x)=0 forxe Q.
By virtue of (7.6), (7.8) and the identity (6.1) we obtain
ho(z) = {R(Dz,n)V(z)}” — {R(D,,n)V(z)}t =0 forzeS.

Thus, the homogeneous equation (7.5) has only the trivial solution and therefore
on the basis of Noether’s theorem the integral equation (7.4) is always solvable
for an arbitrary vector f. We have thereby proved the following theorem.

THEOREM 15. If the condition (7.1) is fulfilled, S € C*¥, f € CY(S),
0< v <v <1, and w is not an eigenfrequency of the BVP (I):{O, then a reg-
ular solution of the internal BVP (I)gf exists, 1s unique and is represented by

a double-layer potential (7.2), where g is a solution of the singular integral equa-
tion (7.4) which is always solvable for an arbitrary vector f.

Problem (11 )aLf. Let us assume that w is not an eigenfrequency of the internal

BVP (II)&O (see Theorem A2). We seek a regular solution to this problem in
the form of the single-layer potential

(7.9) Ux)=ZW(x,g) forx € QF,

where g is the required five-component vector function.

Obviously, by Theorem 10 the vector function U is a solution of the homoge-
neous equation (7.3) for x € Q1. Keeping in mind the boundary condition (4.5)
and using (6.1), from (7.9) we obtain, for determining the unknown vector g,
a singular integral equation

(7.10) K® g(z) =f(z) forzes.

We prove that Eq. (7.10) is always solvable for an arbitrary vector f.
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Let us consider the homogeneous equation
1
(7.11) S (#) + R(D, m)Z0(z,80) =0 forz e,

where go is the required five-component vector function. Now we prove that
(7.11) has only the trivial solution. On the basis of Theorem 10 and Eq. (7.11)
the vector function V(x) = ZM (x, g,) is a regular solution of the internal homo-
geneous BVP (11 )E)L,o- Using Theorem A2 and the assumption that w is not an
eigenfrequency of the problem (I1){,, this problem has only the trivial solution
and we have the relation (7.8). 7

On the other hand, by Theorem 10 and (7.8) we have (7.7), i.e., on the basis
of Theorem 10 the vector V(x) is a regular solution of the problem (I)q o. Using
Theorem A3 the problem (I)y, has only the trivial solution and we get the
relation (7.6). By virtue of (7.65, (7.8) and the identity (6.1) we obtain

go(z) = {R(D,,n)V(z)}” — {R(D,,n)V(z)}T =0 forzeS.

Thus, the homogeneous equation (7.11) has only the trivial solution and there-
fore, on the basis of Noether’s theorem the integral equation (7.10) is always
solvable for an arbitrary vector f.

We have thereby proved the following result.

THEOREM 16. If the condition (7.1) is fulfilled, S € C*¥, f € CO¥(S),
0 <V <v <1, and w is not an eigenfrequency of the BVP (II)&O, then
a reqular solution of the internal BVP (Il)a'f exists, is unique and is represented

by a single-layer potential (7.9), where g is a solution of the singular integral
equation (7.10) which is always solvable for an arbitrary vector f.

Problem (I)g¢. We seek a regular solution to this problem in the sum of
double-layer and single-layer potentials

(7.12) Ux)=Z%(x,g)+ (1 —-1)ZW(x,g) forxeQ,

where g is the required five-component vector function.

Obviously, by Theorems 10 and 11 the vector function U is a solution of the
homogeneous equation (7.3) for x € Q. Keeping in mind the boundary condi-
tion (4.6) and using (6.2), from (7.12) we obtain, for determining the unknown
vector g, a singular integral equation

(7.13) K® g(z) =K® g(z) + (1 —i)ZW (z,g) = f(z) forzeS.

We prove that Eq. (7.13) is always solvable for an arbitrary vector f.
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Clearly, the singular integral operator K®) is of the normal type and ind K
= indK®) = 0. Consequently, Noether’s theorems are valid for the singular
integral operator K(®) and it is sufficient to show that the homogeneous equation

(7.14) K® gy(z) =0 forzesS

has only a trivial solution. Indeed, let gy be a solution of the homogeneous
equation (7.14). Then the vector

(7.15) V(x)=Z%(x,gy) + (1 —)ZW(x,g,) forxeQ”

is a regular solution of the problem (I )570. Using Theorem A3 we have the
relation (7.6).
On the other hand, by Theorems 10 and 11 from (7.15) we get:

{V(2)}” = {V(2)}" = —eo(2),

(7.16) {R(D,,n)V(z)}~ — {R(D,,n)V(z)}" = (1 — i)go(z)

for z € S. On the basis of (7.6) from (7.16) it follows that
(7.17) {R(D,,n)V(z)+(1-i)V(z)}T =0 forzeS.

Obviously, the vector V is a solution of the homogeneous equation (7.3) satisfying
the boundary condition (7.17). It is not difficult to prove that from (7.3) and
(7.17) it follows the relation

(7.18) {V(z)}T =0 forzesb.

Clearly, by virtue of (7.6) and (7.18) from the first equation of (7.16) we get
go(z) =0 for z € S. Thus, the homogeneous equation (7.14) has only the trivial
solution and therefore, on the basis of Noether’s theorem the integral equation
(7.13) is always solvable for an arbitrary vector f. We have thereby proved the
following result.

THEOREM 17. If the condition (7.1) is fulfilled, S € C*¥, f € CV(S),
0 < v <v <1, then a reqular solution U of the external BVP (I)a,f exists, s
unique and is represented by the sum of double-layer and single-layer potentials
(7.12), where g 1is a solution of the singular integral equation (7.13) which is
always solvable for an arbitrary vector f.

Problem (I1)y ¢. Foremost, the scalar product of two vectors
U = (uj,ug,...,us) and V = (vi,ve,...,05)

is denoted by U -V = Z?:l u;j0j, where v; is the complex conjugate of v;.
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We seek a regular solution to this problem in the form
(7.19) U(x) = QW(x,h) + U*(x) forxeQ,

where h is the required five-component vector function and the vector function
U™ is a regular solution of the equation

(7.20) A(Dx)U*(x) =0 for xe Q™.

Keeping in mind the boundary condition (4.7) and using (6.1), from (7.19)
we obtain the following singular integral equation for determining the unknown
vector h

(7.21) KWh(z) =f*(z) forze b,
where
(7.22) f*(z) = f(z) — {R(D,,n)U*(z)} .

Now we prove that Eq. (7.21) is always solvable for an arbitrary vector f. We
assume that the homogeneous singular integral equation

(7.23) KW nh(z)=0

has r linearly independent solutions {h()(z)}7_, that are assumed to be or-
thonormal. By Noether’s theorem the solvability condition of Eq. (7.21) can be
written as

(7.24) / (R(D,.0)U*(2)}~ - 90 (2)d, S = M,
S

where
M= / £(z) - D(2) dy.S

S

and {9 (z)}7_, is a complete system of solutions of the homogeneous associated
equation of (7.23), i.e.,

KOyp® =0, 1=1,2,...,r

It is easy to see that condition (7.24) takes the form (for details, see KUPRADZE
et al. |37])

(7.25) /h(l)(z) AU2)} dyS =Ny, 1=1,2,...,7
S
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Let the vector U* be a solution of (7.20) and satisfies the boundary condition

(7.26) {U*(2)} = f(2),

where

(7.27) f(z) = Z Mh®(z).
=1

By virtue of Theorem 17 the BVP (7.20), (7.26) is always solvable. Because of the
orthonormalization of {h(")(z)}7_,, the condition (7.25) is fulfilled automatically
and the solvability of (7.21) is proved. Consequently, the existence of regular
solution of the problem (I7 )E,f is proved too. Thus, the following theorem has
been proved.

THEOREM 18. If the condition (7.1) is fulfilled, S € C%¥, f € C%'(S),
0 <V <v <1, then a regular solution U of the external BVP (II)E’f exists, s
unique and is represented by a sum (7.19), where h is a solution of the singular
integral equation (7.21) which is always solvable, U* is the solution of BVP
(7.20), (7.26) which is always solvable; and the vector functions £* and f are
defined by (7.22) and (7.27), respectively.

2) Let us now consider the case
(7.28) k—1k*=0, k*>0.

Similarly, as in Theorems 15 to 18, it is not very difficult to prove the following
theorems.

THEOREM 19. If the condition (7.28) is fulfilled, S € C*¥, f € CYV'(S),
0<v <v <1, andw is not an eigenfrequency of the BVP (A.6), (A.7), then
a reqular solution of the internal BVP (I)af exists, is unique and is represented
by a double-layer potential (7.2), where g is a solution of the singular integral
equation (7.4) which is always solvable for an arbitrary vector f.

THEOREM 20. If the condition (7.28) is fulfilled, S € C*¥, f € C%V'(S),
0<v <v <1, and w is not an eigenfrequency of the BVP (A.6), (A.8), then
a regular solution of the internal BVP (II)gf exists, is unique and is represented
by a single-layer potential (7.9), where g is a solution of the singular integral
equation (7.10) which is always solvable for an arbitrary vector f.

THEOREM 21. If the condition (7.28) is fulfilled, S € C*¥, f € C'V'(8S),
0 <V < v <1, then a regular solution U of the external BVP (I)a,f exists,
is unique and is represented by a sum of double-layer and single-layer potentials
(7.12), where g is a solution of the singular integral equation (7.13) which is
always solvable for an arbitrary vector f.
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THEOREM 22. If the condition (7.28) is fulfilled, S € C*¥, f € C%'(S),
0 < v <v <1, then a regular solution U of the external BVP (II)&f exists, s
unique and is represented by a sum (7.19), where h is a solution of the singular
integral equation (7.21) which is always solvable, U* is the solution of BVP
(7.20), (7.26) which is always solvable; and the vector functions £* and f are
defined by (7.22) and (7.27), respectively.

8. Concluding remarks

1. In the present paper the linear theory of MGT thermoporoelasticity is
considered and the following results are obtained:

(i) The fundamental solution of the system of equations of steady vibrations
is constructed explicitly by means of elementary functions and its basic
properties are established;

(ii) The formula of integral representation of regular vectors is obtained;

(iii) The surface and volume potentials are introduced and their basic properties
are given;

(iv) Some useful singular integral operators are defined for which the symbolic
determinants and indexes are calculated;

(v) The basic BVPs of steady vibrations are reduced to the equivalent singular
integral equations;

(vi) The existence theorems for classical solutions of these BVPs in the fore-
going 5 theories of thermoporoelasticity are proved with the help of the
potential method and the theory of singular integral equations.

2. On the basis of results of this paper it is possible to investigate the non-
classical BVPs in the linear theories of thermoporoelasticity for materials with
a multiple porosity by using the potential method.

3. As is well known, obtaining numerical solutions of the BVPs using the
boundary element method consists of the following three stages of research:
(i) reduction of the BVP to an equivalent always solvable integral equation using
the potential method (the boundary integral equation method), (ii) obtaining the
numerical solution of the integral equation using the boundary element method,
and (iii) obtaining the numerical solution of the original BVP through the ob-
tained numerical solution. In this paper, the first stage has been successfully
solved.
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Appendix

We have the following uniqueness theorems (for details, see [35]).

THEOREM Al. If the condition (7.1) is fulfilled, then two regular solutions
of the internal BVP (I);f may differ only for an additive vector U = (u,p, ),
where

(A1) px) =0,  6(x)=0

and the vector u is a regqular solution of the following system of homogeneous
equations

(A.2) (uA 4 pwHu(x) =0, divu(x)=0 forxe Q"

satisfying the homogeneous boundary condition
(A.3) {u(z)}* =0 forzes.

Moreover, the homogeneous BVPs (I)E)i_,o and (A.2), (A.3) have the same eigen-
frequencies.

THEOREM A2. If the condition (7.1) is fulfilled, then two regular solutions of
the internal BVP (II) ¢ may differ only for an additive vector U = (u,p,0),
where p and 0 satisfy the condition (A.1), the vector u is a reqular solution of the
system of homogeneous equations (A.2) for x € QT satisfying the homogeneous
boundary condition

(A.4) {RO(D,,n(z))u(z)}t =0 forzeb,
where the matriz differential operator R(©)(Dy,,n(z)) is defined by

RO (Dy,n) = (R (Dy,n))3x3, Ry (Dx,n) = Ryj(Dx,m), 1,j=1,2,3.

In addition, the homogeneous BVPs (II)&O and (A.2), (A.4) have the same
ergenfrequencies.

THEOREM A3. If the condition (7.1) is fulfilled, then the external BVP (K)g ¢
has one reqular solution, where K = I1,11.

Consequently, in the classical thermoporoelasticity, LS thermoporoelasticity,
GN type III thermoporoelasticity, and MGT thermoporoelasticity we have the
same uniqueness theorems. Remarkably, in these 4 theories and in the classi-
cal thermoelasticity the corresponding internal BVPs have the same eigenfre-
quencies.

The following uniqueness theorems hold in the theory of GN type II thermo-
poroelasticity.
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THEOREM A4. If the condition (7.27) is fulfilled, then two regular solutions
of the internal BVP (I);Cf may differ only for an additive vector U = (u, p, ),
where p satisfies the condition

(A.5) p(x) =0,

and the four-component vector v .= (u,0) is a reqular solution of the system of
homogeneous equations

(nA + pwhu + (A4 p)Vdivu — eV = 0,
(A.6) (K*A +mic)f +miediva = 0,
pdiva+~0 =0

for x € QF satisfying the homogeneous boundary condition
(A.7) {v(z)}T =0

for z € S. Moreover, the homogeneous BVPs (1)3’0 and (A.6), (A.7) have the
same eigenfrequencies.

THEOREM A5. If the condition (7.27) is fulfilled, then two regular solutions
of the internal BVP (II)Ef may differ only for an additive vector U = (u,p, ),
where p satisfies the relation (A.5) and the four-component vector v = (u,0)
is a regular solution of the system of homogeneous equations (A.6) for x € Q7
satisfying the homogeneous boundary condition

(A8) {RY(D,,n(z))v(z)}" =0
for z € S. Moreover, the homogeneous BVPs (II)E{O and (A.6), (A.8) have the

same eigenfrequencies. Here
RW(D,, n(z)) = (R}} (Dz. n(2)))1xs,

0 0 0
RZ(JD - '“513'8711 + ,U”j% + Ml%’ Rl(i) = —eny,

1 1 . 0 ,
RY =0, Ry =k oo Li=123
THEOREM AG6. If the condition (7.27) is fulfilled, then the external BVP
(K)g ¢ has one regular solution, where K = I,11.
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